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( Thémes abordés )

Convergences d'ensembles (Painlevé-Kuratowski, Mosco,
Hausdorff et Hausdorff bornée, slice,...). G-convergence des fonc-
tions (épiconvergence, epi-hypo convergence,...). Convergence en
graphes des opérateurs. Topologies sur les hyperespaces.

Applications a I'approximation, la perturbation, I'analyse
sensitive en :

e optimisation et analyse non-lisse (épi-dérivées des
fonctions, proto-diftérentiation des opérateurs);

* optimisation stochastique (schémas numériques basés
sur des méthodes d'approximation) et statistique ( loi des grands
nombres pour les variables aléatoires semi-continues);

* calcul des variations et mécanique des milieux continus,
homogénéisation des matériaux composites, relaxation des pro-
blemes de contrdle,...)

* analyse asymptotique des fonctions et des ensembles
(fonctions de récession,...).

e Géométrie des espaces de Banach et probléemes d'optimi-
sation bien posés.
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Présentation scientifique

H. Attouch et M. Théra

Introduction. Les convergences de suites d'ensembles et les topologies sur les fermés
d'un espace topologique se sont révélées au cours des dernieres années comme étant la clé de la
compréhension de nombreux problémes de convergence, approximation, perturbation en
analyse non-linéaire, optimisation, statistique... Le congrés du CIRM du 22 au 26 Juin 1992,
est consacré a ces questions. Nous présentons dans les pages qui suivent ces nouveaux
concepts et quelques unes de leurs applications.

Les notions fondamentales de I'analyse mathématique, telles que continuité, dérivation,
intégration, approximation, développements (en série...) reposent sur le choix d’'un concept de
limite. Dans I'approche classique, c'est la convergence simple des fonctions et des opérateurs
qui sous-tend la plupart de ces notions, avec bien sir des adaptations pour chaque domaine
d'utilisation (convergence presque siire, convergence au sens des distributions, convergence
uniforme sur les bornés, sur les compacts...).

Les développements récents en analyse non-linéaire et optimisation ont amené une

rupture par rapport a cette vision classique: déja, I'analyse convexe nous a familiansé avec
I'idée que la convexité d'une fonction se forrnule naturellement en termes de convexité de son
épigraphe, et sa semicontinuité inférieure en termes de fermeture de ce dernier. En analyse
linéaire, les propriétés des opérateurs se formulent souvent simplement & l'aide de leurs
graphes (théoréme du graphe fermé...). L'analyse des opérateurs a partir de leurs graphes
s'est imposée tout naturellement avec la théorie des opérateurs maximaux monotones. Ces
exemples nous font sentr le role géométrique clé que jouent I'épigraphe pour les fonctions et le
graphe pour les opérateurs dans I'analyse des problémes unilatéraux (minimisation...). Il est
naturel de les retrouver au coeur des notions de convergences adaptées a I'analyse variationnelle
et l'optimisation.
L'epi-convergence d'une suite de fonctions se définit géoméiriquement par la convergence de la
suite des épigraphes correspondants. La graph-convergence d'une suite d'opérateurs se définit
en termes de convergence des graphes correspondants. A la base de ces concepts se trouve
donc la notion de convergence pour une suite d'ensembles.

L'epi-convergence, la graph-convergence possédent bicn sir, des versions analytigues
qui, contrairement a la convergence simple ou la variable est gelée, prennent en compte le
comportement des fonctions ou des opérateurs en des points voisins. Ils sont particulierement
utiles lorsque l'on considére des fonctions ou des opérateurs de domaines variables ou lorsgue
I'on rencontre de fortes variations ou oscillations dans les données d'un probleme. Ils ont ainsi
permis de traiter de nombreux probléemes de convergences, approximation, perturbation,
sensitivité échappant a une analyse utilisant les concepts classiques de convergence basés sur la
convergence simple. Ces développements récents se rattachent 3 un courant mathématique dont
nous retragons brievement l'historique.

Un bref historique. La théorie des applications multivoques (semicontinues.
mesurables), et les questions de différentiation (cOnes tangents, dérivées généralisées) ou
d'intégration (multivoque) qui s'y rattachent, ainsi que que I'étude des ensembles aléatoires
et la théorie de la décision statistique ont longtemps €té les moteurs principaux de la théorie des
convergences d'ensembles et des hypertopologies (topologies sur les fermés d'un espace
topologique). Ces concepts se sont progressivement dégagés grice avx travaux de P. Painlevé
{1909), L. Vietoris (1923), G. Choquet (1947), K. Kuratowski (1948), G. Bouligand (1950),
E. Michael (1951), J. M. G. Fell (1962), G. Matheron (1975), et, plus directement inspirés
par I'étude des ensembles al€atoires et la théorie de la décision statistique, R. A. Wijsman
(1964), E. Effros (1965), D. Walkup & R. Wets (1967), B. Van Cutsem (1971). Son champ
d'applications a €té en s'élargissant avec la théorie des jeux C. Berge (1959), I'économie




mathématique R. Aumann (1964), W. Hildenbrand (1979), J.-P Aubin (1979), la théorie des
points fixes de type Ky-Fan, la viabilité et le conudle des systeémes dynamiques J.-P. Aubin
(1981), B. Cornet (1981), G. Haddad (1981), J.-P. Aubin & A. Cellina (1984), H.
Frankowska (1984), I'étude des fonctionnelles intégrales et le contrle optimal avec R. T.
Rockafellar (1975), Ch. Castaing & M. Valadier (1977), Z. Artstein (1972), C. Olech (1976),
E. Balder (1984).

Une étape décisive dans le développement de ces concepts a été leur mariage avec
I'analyse variationnelle. La compréhension des méthodes d' approxxmanon variationnelle
(Galerkin, éléments finis) ou de perturbation (en liaison avec la capacité et la théorie du
potentiel) a amené U. Mosco en Italie (1969) et J. L. Joly en France (1970) 4 faire le lien avec
les inéquations variationnelles et 1'analyse convexe en dimension infinie, et a introduire la
Mosco-convergence. En liaison avec I'étude de problémes liés aux hypersurfaces minima,
E. De Giorgi dégageait vers 1975 les concepts topologiques généraux de convergence pour des
suites de fonctions (non nécessairement convexes), qui permettent de passer a la limite sur les

problémes de minimisation correspondants, a savoir la théorie de la I'-convergence.

Dans cette orientation variaticnnelle, on trouve un grand nombre de ravaux d'analyse
convexe portant sur les convergences de suites de convexes fermés, de fonctions convexes
s.c.1. et de leurs sous-différentiels dans les espaces de Banach. La bicontinuité de la
tranformation de Fenchel relativement a la Mosco epi-convergence dans les espaces de
Banach réflexifs est démontrée par Mosco en 1971, cette propriété fondamentale étant en
grande partie a l'origine de l'introduction de ce concept. En 1976, la continuité de I'opération

de sous-différentiation f — of lorsque 1'on munit les fonctions convexes s.c.i. de la Mosco epi-
convergence et les opérateurs sous-différentiels de la graph-convergence est mise en évidence
par H. Attouch. Ce dernier résultat montre clairement le lien entre epi-convergence des
fonctions et graph-convergence des opérateurs. Plus récemment, G. Beer montre l'existence
d'une tonclogie induisant la Mosco convergence (1988), qu'il étend ensuite aux Banach
généraux sous le nom de slice convergence. Outre la continuité de la polarité, une étude
systématique des propriétés de continuité des opérations sur les convexes (intersection, addition
vectorielle...) et sur les fonctions convexes (addition, inf-convolution...) est entreprise dans les
travaux R. C. Bergstrom & L. Mc Linden (1981), H. Attouch & D. Azé & R. Wets, R. T.
Rockafellar & R. Wets, D. Azé & J.-P. Penot, G. Beer & R. Lucchetti, M. Volle, J.-P. Aubin
& H. Frankowska, S. Dolecki, H. Rihai...

Des progrés décisifs ont été également accomplis dans le cadre non convexe avec
I'introduction de versions "localisées” des métriques de type Hausdorff par H. Attouch & R.
Wets avec comme corollaires les notions d'epi-distance et de graph-distance (1988). Une
analyse quantitative des questions de convergence et d'approximation pour les problemes de
minimisaton. point-selles... est ainsi rendue possible; citons dans cette orientation les travaux
de G. Beer, R. Lucchetti, D. Azé & J. P. Penot, D. Pai & P. Shunmugaraj, H. Attouch & J.-
L. Ndoutoume & M. Théra, M. Soueycatt, J. Lahrache.

Les travaux récents de G Beer, R. Lucchetti, Y. Sonntag & C. Zalinescu, A. Lechicki
& S. Levi ont permis de classer et de comprendre de fagon unifiée les nombreuses
convergences d'ensembles et hypertopologies apparues ces derniéres années.

Ces travaux théoriques ont €té accompagnés de nombreuses applications:

a) Mécanique des milieux continus, calcul des variations et E.D_P. (problémes 2 petits
parametres, homogénéisation de milieux composites, couches minces, transition de phase,
controle et relaxation) avec les travaux en ltalie de 'école de Pise animée par E. De Giorgi (G.
Buttazzo, G. Dal Maso, P. Marcellini, A. Marino, L. Modica, C. Sbordone, S. Spagnolo), en
France de H. Attouch, D. Az¢é , G. Bouchitte, A. Brillard, A. Damlamian, G. Michaille, F.
Murat, C. Picard, P. Suquet, L. Tartar, en Russie de A. V. Marchenko & E. Y. Hruslov et aux
USA de B. Kohn.

b) Optimisation stochastique et théorie de la décision statistique (approximation
numérique, lois des grands nombres pour des ensembles ou des fonctions s.c.i.
aléatoires, probléme variationne! moyen) avec les travaux de R. Wets. G. Salinetti & R.




Wets, R. T. Rockafellar & R. Wets, Z. Artstein, H. Attouch & R. Wets, Ch. Hess, F. Hiai, P.
Kall, Ch. Castaing, A. Choukairi, A. Truffert.

c) Analyse non réguliére, optimisation et contréle (cone tangent, dérivées généralisées,
epi-dérivées directionnelles du premier et du deuxiéme ordre, théoréme d'inversion locale
pour une application multivoque) avec les travaux de J. P. Aubin, A. Auslender, D. Azé , R.
Cominetti, L. Contesse & J.-P. Penot, R. Correa, S. Dolecki, H. Frankowska, D. Klatte, P.
Michel & J.-P. Penot, J. L. Ndoutoume, D. Noll, J.M. Borwein & D. Noll, J. P. Penot, R.
A. Poliquin, S.M. Robinson, R. T. Rockafellar, A. Seeger, M. Soueycatt, L. Thibault.

d) Analyse numérique et optimisation (approximation, stabilité et conditionnement
numérique, combinaison d'algorithmes avec des méthodes d'approximation, sensitivité, étude
de problémes non coercifs et fonctions de récession) avec les travaux de A. Auslender, A
Auslender & J.-P. Crouzeix, H. Attouch & R. Wets, S. Flam & R. Wets, J.-B. Hirian-
Urruty, B. Lemaire, A. Moudafi, P.-L. Papini, Y. Sonntag, S. Flam & R. Wets, A. Seeger,
P. Tossing, T. Zolezzi, méthodes d’homotopie et de continuation en optimisation paramétrique
avec les travaux de J. Guddat, Th. Jongen, H. Attouch & J.-P. Penot & H. Rihai.

€) Principes variationnels (Ekeland, Borwein-Preiss), géométrie des Banach,
problémes bien posés (au sens de Hadamard, de Tychonov), propriétés génériques et
differentiabilité, avec les travaux de R.R. Phelps, G. Beer, R. Deville & G. Godefroy & V.
Zizler, R. Lucchetti, JM. Borwein, JM. Borwein & S. Fitzpatrick, P. Kenderov. H.
Atouch & H. Riahi, F. De Blasi, P.- L. Papini, J. Mijak, J. P. Revalski, S. Simons.

f) Théorie de I'approximation ou le rdle fondamental de I'approximation épigraphique
(inf-convolution) et ses propriétés de régularisation ont été mis progressivement en évidence
dans un cadre de plus en plus général: approximation de Baire-Wijsman puis
approximation Moreau-Yosida introduite par J.-J. Moreau et H. Brezis dans le cas de
fonctions convexes et un cadre Hilbertien (1973) suivis par les travaux de R. Wets, H.
Attouch, J.-P. Penot, M. Bougeard, J.-B. Hiriart-Urruty. Trés récemment, I'approximation-
régularisation de Lasry-Lions a permis de s'affranchir de toute hypothéses de convexité ou
de croissance sur les fonctions et ce, en dimension infinie (H. Attouch & D. Azé , M. Volle. J.
Benoist).

g) Convergences de suites d'opérateurs maximaux monotones ou dopéraleurs
accrétifs et des semi-groupes associés. Initialement introduites par H. Brezis, A. Pazy, M.
Crandall, Ph. Benilan, H. Attouch, L. Mc Linden ces convergences ont é1é utilisées dans
I'étude de problemes d'évolution avec opérateurs dépendant du temps par J.-J. Moreau
(probléme de rafle en élastoplasticité), H. Attouch & A. Damlamian, et en les combinant avec
des perturbations multivoques semicontinues par A. Cellina, B. Cornet, Ch. Castaing, N.S.
Papageorgiou. Combinée avec l'approximation Yosida, la graph-convergence de suites
d'opérateurs maximaux monotones a permis de définir une notion de somme étendue
(variationnelle) H. Attouch & J.-B. Baillon & M. Thera.

h) Théorie des jeux, problémes de min-max et économie mathémarique ou I'étude des
questions de stabilité et approximation pour les problemes de min-max, de points selles ont
amené l'introduction de nouvelles notions de convergences, H. Attouch & R. Wets (epi-hvpo

convergence pour les problemes de point selle), G. Greco (I"-convergence), E. Cavazzuti
(équilibre de Nash), J. Morgan et P. Londan (équilibre de Stackelberg). B. Lemaire (optima de
Pareto), B. Cornet (cdnes tangents et viabilité), S. Simons, S. Flam.

Outre les ouvrages de référence classiques C. Berge (1959), C. Kuratowski (1958). G.
Matheron (1975), Ch. Castaing & M. Valadier (1977), plusieurs ouvrages récents traitent des
convergences d'ensembles: Y. Sonntag (1982), H. Attouch (Pitman; 1984), E. Klein & A. C.
Thomson (John-Wiley; 1984) J.-P. Aubin & H. Frankowska (Birkhiuser; 1990), R. T.
Rockafellar & R. Wets, G. Beer, Y. Sonntag & C. Zalinescu, (a paraitre).
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1. Convergences de suites d'ensembles.

1.1 Convergence au sens de Painlevé-Kuratowski.

Soit (X,t) un espace topologique, que, pour la simplicité de 1'exposé, on supposera métrisable.
Etant donnée une suite de parties Aj, Az, A3,... de I'espace topologique X, les limites

inférieures et supérieures (topologiques) de la suite {Ap; ne N} sont définies par les
formules
LiAp={xe X: Jd(ay) —=x avecpourtout ne IN, aje A, )

Ls Ap={xe X: 3 n(1)<n2)<nB)<..et Vke[N ape Apy)avec (ag) —x}.

En d'autres termes, Li A, est 'ensemble formé par toutes les limites possibles de suites
{ap;ne N} avec ape A, pour tout n, alors que Ls A, est formé par toutes les valeurs

d'adhérence de telles suites. Etant donnée une suite {Ap; n € IN}, on peut toujours définir ces
ensembles Li A, et Ls Ay, qui peuvent étre éventuellement vides, et I'on a l'inclusion

LiAp € LsAjp.

Lorsque 1'égalité a lieu, on dit que la suite {A;; ne IN'} converge ou plus précisément converge
au sens de Painlevé-Kuratowski, et I'on note

leAr‘:LlAn:LSAn

La référence a la topologie 1 est implicite dans ces formules; lorsque I'on veut la metwre en
évidence on écrit A = 1- Lim Ay . Dans les formules suivantes "cl" désigne l'opération de

#
fermeture et A" désigne la grille du filtre de Fréchet A7 _sur N :

LiAn= N, ¢ U Ay
Ne #7  keN

LsAp= N c U Ag.
Ne & keN

Ces formules sont intéressantes a double titre: elles mettent clairement en évidence que les
ensembles - LiAp 1-LsAjp et donc 1-LimAp (lorsque la limite existe) sont des ensembles

fermés pour la topologie 1. De plus, ces limites restent inchangées lorsque 'on remplace Ay par
sa fermeture. C'est 1a raison pour laquelle, sans diminuer la généralit¢ dcs résultats, on peut
raisonner sur des ensembles fermés. Ces formules permettent d'étendre trés simplement fes

concepts précédents aux cas d'ensembles indexés par un parametre continu{ Ag ;: €—0}.

Donnons quelques exemples élémentaires en dimension finie:
a) Une suite de boules B xy, pp) converge vers la boule B(x, p) si et seulement si.

{xn; n € N} converge vers x et {py. ne N} converge vers p. Si pptend vers l'infini.
alors ces boules convergent vers l'espace tout entier, et leurs complémentaires vers I'ensemble
vide.




b) Considérons une suite qui prend alternativement deux valeurs, Ap = A pour n pair
et Ap= Ajp pour n impair, ob Aget Ay désignent deux fermés distincts. Alors cette suite ne

converge pas,ona LiAp =AgN Ay, Ls Ap=AgUA;.
¢) Dans 'exemple suivant, les ensembles A, sont des épigraphes: A = epi f,, avec

0 st x €0

. 1
-nx si0<x¢g o
fa(x) = nx-2 si l—s X < z
n n
. 2
0 six 2 =
n

La suite des ensembles Ap converge, sa limite est encore un épigraphe a savoir ,

LimAp=A=epif

ou f est la fonction qui vaut zéro partout, sauf a l'origine ol elle vaut —1. Cet exemple
¢lémentaire d'épi-convergence illustre bien la différence avec la convergence simple, puisque

sur cet exemple la suite {fn,; n € N} converge simplement vers la fonction identiquement nulle.
d) Considérons a présent une suite d'opérateurs monotones &, de R dans R et

prenons pour ensembles Ap dans R?2 leurs graphes: Ap= graph &, (dans la pratique. on
identifie I'opérateur et son graphe qui sont alors désignés par le méme symbole).

-1 sixs~1—
n

< L
n

IA
bad

Hn(x) = nx si-
1

n

La suite des ensembles Ap converge et sa limite est I'ensemble A= graph & ol

-1 s1 x €0
K(x) =4 [-1,+1] six=0
+1 si x 2 0

Cet exemple illustre 'approximation Yosida de I'opérateur maximal monotone multivoque & :
les opérateurs &%, sont maximaux monotones lipschitziens, et la convergence a bien lieu en
graphe, la convergence simple des opérateurs &, ne permettant de recupérer que & 0 la section
de norme minimale de l'opérateur ..

Lorsque la topologie 1 est métrisable, notz..i d une distance induisant cette topologie, et posant:

div,A): = inf d(x,y),
yeA

on peut reformuler les limites topologiques de suites d'ensembles:

LiA;={xe X: limsupd(x,Ap)=0 }={ xe X: lim d(x.Ap)=0 }.
n—oo n—oo

Ls Ap={ xe X: liminfd(x,Ap)=0 }.
n—oo
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1.2 Convergence au sens de Wijsman et Mosco convergence.

Les formules ci-dessus suggerent naturellement la notion de convergence suivante: la suite
{Ap; ne N} converge au sens de Wijsman vers A, on note A = W-LimA|, si pour tout xe X,

d(x,A) = lim d(x,Ap).
n—eo
La convergence au sens de Wijsman entraine la convergence au sens de Kuratowski-Painlevé.
Elle est, en général, strictement plus forte que cette derniére. La convergence au sens de
Wijsman permet de topologiser de fagon simple la convergence topologique d'ensembles:
identifiant un ensemble A a la fonction distance d(.,A), on considére la topologie de la
convergence simple des fonctions distances. Si X est un espace métrisable séparable, on obtient

ainsi une topologie métrisable séparable sur I'ensemble & (X) des fermés de X, dont la tribu

borélienne est précisément la tribu d'Effrés &(Ch. Hess; 1986). Cette tribu joue un role
clé dans I'étude des application multivoques mesurables, elle est engendrée par les ensembles

U = (FeFX), FnU=Q}

ou U décrit I'ensemble des ouverts de X. Une application multivoque mesurable n'est autre

qu'une application mesurable 2 valeurs dans &F (X) muni de la tribu &(R.T. Rockafellar: 19771,
La topologie de Wijsman se révéle d'un usage délicat en dimension infinie car elle dépend du

choix de la métrique (ou de la norme) induisant la topologie 1. Lorsque l'on se restreint aux
convexes fermés d'un espace de Hilbert et que I'on prend pour d la distance associce & lu
norme, on obtent la Mosco-convergence:

Soit {Ap; n€ IN} une suite de fermés d'un espace normé X. La suite {Ay ne N} Mosco-
converge vers A, et I'on notera A = M-limA;, si on a les deux propriétés suivantes:

(1) pour tout x dans A il existe une suite x, convergeant fortement vers x telle Jue xy,
appartienne 2 Ay, pour touin e IN.

(ii) pour toute sous-suite n(1) < n(2) < n(3) <..et Vke N yke€ Apk: avee vy
convergeant faiblement versy,ona ye A.

Théoréme (H. Attouch-Y. Sonntag-M. Tsukada). Soit X un espace de Banach réflexif muni
d'une norme strictement convexe et Kadec ainsi que la norme duale (la convergence faible et lu
convergence des normes entrainent la convergence forte), ce qui est toujours possible apres

renormage. Soit {Ap; ne N}, A une suite de convexes fermés non vides de X.
Les propositions suivantes sont équivalentes:

(i) la suite {Ap. ne IN} Mosco-converge vers A ;
() vV xeX, d(x.A)= lim d(x.Ap);
n—oo

(iii) V xe X, propx = lim proj, x.
A Noeo 0

ol proj, x désigne la projection de x sur A.

La convergence au sens de Mosco joue un role clé en analyse variationnelle convexe dans les
espaces reflexifs. Nous verrons plus loin ses propriétés remarquables relativement 2 la duaiite.
Lorsque I'espace X n'est pas réflexif, elle perd une bonne partie de ses propriétés.
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1.3 Converg:nces de type Hausdorff.
(X, t.ll) désigne un espace normé de boule unité fermée B. Etant donnés C, D C X, l'exces de
I'ensemble C sur D est défini par

e(C,D):= cup d(x, D)
xe C

avec la convention e =0 si C=@. Ladistance de Hausdorff entre C et D est définie par
haus(C, D): = max { e(C, D), e(D, O)}.

On a la formule suivante:

haus(C,D) = sup !d(x,C)-d(x,D)!.
xe X
Certte métrique qui joue un role fondamental en analyse est souvert trop forte lorsque 'on
manie des ensembles non bornés tels que épigraphes, cones, graphes...A cet etfet, une version
"localisée” a été introduite par H. Attouch & R. Wets (1987):

Pour tout p 20, la p-Hausdorff distance entre C et D est donnée par :
hausp(C, D): = max {e(Cp, D), e(Dy, O)}
ou Cp (resp. Dy) est définipar Cp:=Cnp B (resp. Dp: =D mpB).

Une suite {C, € X; ne N} de parties de X converge au sens des p-Hausdortf distances
vers un ensemble C, si pour tout p >0,

lim hausp(Cp,C) =0 .

n — oo

Cette convergance est associée a une topologie métrisable: lorsque I'on ravaille avec les fermes

non vides d'vn espace normé X, on peut prendre comme métrique D

e . d(AB)
D(A.B): = Zl > T+d_(A.B)
n=

ou

dn(A,B): = sup ld(x,A)-d(x,B)I.
lIxll€n

Cette topologie, associée a la convergence uniforme sur les bornés des fonctions distances est
donc intermédiaire entre la topologie de Wijsman (associée 1 la convergence simple des
fonctions distances) et la topologie de Hausdorff (associée a la convergence uniforme des
fonctions distances). En dimension finie, la topologie de Wijsman coincide avec la topologie

des p-Hausdorff distances et ces topologies induisent la convergence au sens de Painlevé-
Kuratowski.
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1.4 Hypertopologies

L'étude des topologies sur les fermés d'un espace topologigue (X,T) (hypertopologies)
induisant les convergences topologiques d'ensembles est un théme central dans toutes les
questions évoquées précédemment. Historiquement, ce sont ies hypertopologies du type "hit

and miss” qui sont apparues les premieres. Etant donné E C X, on introduit

E={AeFX); ANE=D )

E'= (Ae FX), ACE).
(1) La topologie de Vietoris sur  (X) a pour sous-base les parties de la forme Vet les
parties de la torme W™ ol V et W sont des ouverts de (X,1).

(2) La topologie de Fell sur & (X) a pour sous-base les parties de la forme Vol V est un

ouvert de (X,1) et les parties de la forme W* ol W est de complémentaire compact.
(3) Si X est un espace vectoriel normé, la Mosco topologie (introduite par G. Beer) sur les

fermés faibles de X a pour sous-base les parties de la forme Vol V est ouvert de X muni de

la topologie de la norme et les parties de la forme W™ ol W est de complémentaire faiblement
compact.

Cette approche géométrique se marie bien avec la théorie des muluapplications
mesurables et 'analyse stochastique. L'approche "moderne” pour définir des hypertopologies
est plus fonctionnelle, elle consiste & associer & un ensemble une famille de fonctions et de
considérer la topologie initiale qui leurs est associée:

On a vu que la Wijsman topologie est la topologic la moins fine (topologie initiale) rendant

continue les applications A— d(x,A) pour tout x dans X.

La Slice topologie de Beer sur les convexes fermés d'un espace normé peut étre définie
comme topologie initale associée aux fonctions de saut

A—- D(AB): =inf { lix —yll . xe A, ye B}

ou B parcourt I'ensemble des convexes fermés bornés de X. Elle est associée i la tamille de
semi-métriques

pr(A.B) = ID(AF) - D(B.F)l

ou F appartient 2 une famille de parties de X (ici les convexes fermés bornés de X). Y Sonntag
et C. Zalinescu obtiennent une classification des hypertopologies en distinguant celles
associéees a une famille de semi-métriques du type précédent (le type p) et celles associéees i
une famille de semi-métriques du type suivant (le type q)

qr(A.B) = sup Id(x,A) —d(x,B) .
xeF

Dans ce dernier type on reconnait la métrique de Hausdorff en prenant pour F I'espace tout
entier, la topologie de Attouch-Wets ("bounded Hausdorff topology”) lorsque F décrit
I'ensemble des parties bornées de X.
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2. Epi-convergence de suites de fonctions.

De nombreuses questions liées a la minimisation de fonctions f: X — R U {+o0} peuvent éme
abordées de fagon géométrique en identifiant ia fonction et son épigraphe

epif= ((x,a): xe X, ae R, a2f(x)).

Les convergences €pigraphiques (epi-convergences) de suites de fonctions se définissent
géométriquement en termes de convergences topologiques de la suite de leurs épigraphes. On a
donc les correspondances suivantes:

f =epi-limf, < epif=Limepif,
f =W-epi-limf; < epif=W-Limepify
f =M-epi-limf; < epif=M-Limepif,
f = epi-dist-lim fn <> epi f = hausy-Limepi fn V p >0

On dira alors que la suite de fonctions {fy. ne N} respectivement epi-converge, Wijsman
epi-converge, Mosco epi-converge, epi-distance converge vers f. Une limite topologique
d'épigraphes est encore un épigraphe, plus précisément:

Lsepi fn = epi ( epi-liminf f )
Liepi fy = epi ( epi-limsup £y, ),

avec
(epi-liminf fp)(x) = min { liminf fa(xg); xp — x }.

(epi-limsup fp)(x) = min { limsup fn(xp); Xn —2 x }.

L'epi-convergence de la suite de fonctions {fp. ne IN} se traduit par I'égalité entre les deux

fonctions epi-liminf f, et epi-limsup f, . On a donc que {fy. ne N} epi-converge vers f au
point x, si les deux propriétés suivantes sont satisfaites:

(1) pour tout suite xp convergeant vers x, liminf fp(x,) 2 f(x)
(ii) il existe une suite Xp convergeant vers x telle que f(x) 2 limsup fp(Xp).

Lorsque l'on veut mettre en évidence la topologie T prise sur X on note f = t-epi-lim fp,.

On peut noter que ces conditions entrainent que f est semicontinue inférieurement.
L'epiconvergence n'est pas comparable en général avec la convergence simple et fait intervenir
les valeurs des fonctions au voisinage du point considéré. Dans le cas de suites monotones, les
deux notions coincident modulo des opérations de fermeture:

Si la suite {fy. ne IN} est croissante, alors epi-lim f, = supp ( ¢l fp)
Si la suite {fy; ne N} est décroissante, alors epi-lim f; = cl infy, (fy).
L'importance de l'epi-convergence tient au fait que cette notion est minimale parmi les notions

permettant le passage a la limite sur des suites de problémes de minimisation. Son utilisation
combinée avec les méthodes de compacité est mise en évidence dans I'énoncé suivant ol l'on

désigne par €-argmin f = { xe X; f(x) <inf f +€}:




Théoréme (E. De Giorgi; 1977). Soit {f, fo: X =& R U {+e}: n=1,2.... } une suite de
fonctions A valeurs réelles étendues. On suppose qu'il existe une suite (Xp. ne N |
t-relativement compacte pour une topologie T sur X et une suite de réels positifs {e,. ne N }
tendant vers z€ro tels que &, € €p-argmin f, pour tout ne IN . Alors, l'epi-convergence pour la
topologie 1t de la suite {fy. ne [N} vers f entraine :

() minf= lim inff,

n— oo

(ii) Ls (eq-argmin f,) C argmin f.

Dans les applications, cette propriété variationnelle est complétée par le résultat de stabilité:
Si f=1-epi-limf, et g: X = R est T-continue, alors f + g = T-epi-lim ( f + ).

La topologie 1 intervient donc naturellement en liaison avec les propriétés de coercivité, d'inf-
compacité de la suite fj,. Le fait de travailler avec des fonctions pouvant éventuellement prendre
des valeurs infinies permet de formuler un résuliat abstrait de compacité pour l'epi-
convergence:

Théoréme Soit (X, 1) un espace topologique métrisable séparable. Alors, de toute suite de

fonctions {fp: X — R ; n=1,2,... } on peut extraire une sous suite T-epi-convergente.

L'approximation epigraphique ou inf-convolution joue un rdle central en théorie de
I'epi-convergence. Etant donné une fonction f: X = R U (40} ou (X, ILIl) est un espace
normé, pour toute valeur strictement positive du parametre A, on définit

. 1
) (x): = infyex { f() + 5» lx—ui2 )

'approximation Moreau-Yosida d'indice A de f, et

fia) (0): = infye x { f(u) + i—llx-— ull )

I'approximation Baire-Wijsman d'indice A de f. Ces fonctions sont respectivement
localement lipschitziennes et lipschitziennes partout définies sur l'espace tout entier, et jouent le
role des fonctions distances lorsque les ensembles considérés sont des épigraphes. De
nombreuses propriétés d'epi-convergence se reformulent donc en termes de convergence
simple des approximées épigraphiques. Par exemple, la Mosco epi-convergence d'une suite de
fonctions convexes s.c.i . sur un espace de Hilbert est équivalente 2 la convergence simple de
toutes les approximées Moreau-Yosida:

f=M-epi-limfM & V>0 VxeX fa(x)= lim (M) (x).
n-— o
Un résultat du méme type pour les approximées Baire-Wijsman a éte obtenu par D. Aze.

La suite { f); A—0} converge simplement et de fagon monotone croissante vers f lorsque
I'on suppose f s.c.i.. En fait, cette convergence a lieu au sens de I'epi-distance, ce qui donne
un controle métrique de cette approximation.




3. Epi-convergence de fonctions convexes et dualité.

Soit (X, IL.II) un espace normé, I'(X) désigne l'ensemble des fonctions convexes semicontinues
inférieurement propres sur X, et dualement I'*(X*) désigne 1'ensemble des fonctions convexes
semicontinues inférieurement pour la topologie 6(X*,X), propres définies sur X*.

Etant donné f € I'(X), sa conjuguée f* € I'*(X*) est définie par la formule

f*(y):=sup { <x,y>- f(x) : xe X }.

ou < x,y > désigne le couplage entre x € X ety e X*.

Etant donné h € I'*(X*), on adopte la convention habituelle qui cousiste & définir h* seulement
sur X plutdt que sur tout X**, de sorte que h* € I'(X). La transformation de Fenchel f— *
est alors une involution bijective entre I'(X) et I'*(X*) . On dit que yp € X* appartient au

sous-différentiel de fe I'(X) au point xg € X, etl'on écrit yg € df(xg), si pourtoui xeX.
ona f(x)2 f(xp) + <x - x9, yo>. En termes de fonctions convexes conjuguées, on a que

yo € 9f(xp) si et seulement si I'égalité de Fenchel est satisfaite : f(xq) + f*(vg) = <xo.vo>. Le
sous-differentiel de f estl'opérateur dont le graphe dans X x X* est donné par la formule:

of :=[(x,y) e X xX*: ye of(x)}

= {(x,y) e X x X*: f(x) + f*(y) = <x,y>}.

fonctions de I'(X) Mosco epi-converge vers f si en tout point x € X les deux propriétés
suivantes sont satisfaites:

{(i) pour toute suite xp convergeant faiblement vers x, liminf fp(xp) 2 f(x)
(ii) il existe une suite &, convergeant fortement vers x telle que f(x) 2 limsup fn(8y)

Théoreme (U. Mosco; 1971) Soit X un espace de Banach réflexif. Alors la ransformation de
Fenchel f— f* est bicontinue pour la Mosco epi-convergence. En d'autres termes

f = M-epi-lim f, < £* = M-epi-lim (f)* .

Ce résultat, qui explique le role important joué par la Mosco-epi-convergence en analyse
convexe, tombe en défaut lorsque I'espace n'est plus réflexif. Pour pallier les défauts de la
Mosco convergence dans un cadre non réflexif, G. Beer a introduit récemment la slice
convergence:

Soit X un espace normé général et {f,. ne IN} une suite de fonctions de I'(X). On dira que f,

slice epi-converge vers f et 'on notera f = 15-lim f; si les deux propriétés suivantes sont
satisfaites:

V xpe X 3 <xp> > xp tel que f(xg) = im fp(xp)
(i) n—yoo
ii
Vyoe X* 3 <yp> — yo tel que f*(yo) = im f5 (yn)
n— oo



La slice epi-convergence coincide avec la Mosco epi-convergence lorsque l'espace X est

réflexif et la transformation de Fenchel f— f* est bicontinue pour la slice epi-convergence
dans les espaces normés généraux (Beer; 1991).

Le résultat suivant fait le lien entre la Mosco epi-convergence d'une suite de fonctions
convexes s.c.i . et la graph-convergence de la suite de leurs sous-différentiels.

Théoréme (H. Attouch; 1977). Pour toute suite {f, fi: X = RuU{+e}; n e N} de foncuons
convexes s.c.i . propres, ou X désigne un espace de Banach réflexif, les propriétés suivantes
sont équivalentes:

(i) f = M- epi -limfy
n—oe

(i)) gphof = sxs lim gphodfy, plusla “condition de normalisation (NC)":
n—yoo

La condition de normalisation provient du fait que f est déterminée par of & une constante
additive prés et s'énonce ainsi:

(NO) {3(x0,x0*)e gph of, 3(xon.Xon*)€ gph ofy pour tout ne N tel que
s

S
%* .
Xon— X0, Xon* = xo et fp(xon) = f(xo0).

Ce résultat a été étendu au cas d'espaces de Banach généraux en remplagant la Mosco epi-
convergence par la slice epi-convergence (H. Attouch & G. Beer; 1991).
Les opérations de polarité et de sous-différentiation jouissent également de propriéiés de

continuité remarquable vis 2 vis des topogies associées aux p—Hausdorff distances:

Théoréeme (G. Beer; 1990). Soit X un espace normé arbitraire. La transformation de Fenchel
f — f* est bicontinue pour la topologie de I'epidistance. En d'autres termes

f = epi-dist-lim f, < f* = epi-dist-lim (f,)* .

Théoréeme ( Attouch-Ndoutoume-Théra; 1991). Soit {f, f: X > R U {+]:ne N} une
suite de fonctions convexes s.c.i. propres, ou X désigne un espace de Banach général. Alors.

I'implication (i) = (ii) a lieu:

(1) f = epi-dist lim fy;
(ii) of = gph-dist imofy, plus la condition de normalisation (NC).

3(xo,x0*) € gph df, 3(xon,Xon*) € gph df, pout tout ne N tel que
(NC) s

s
%k
Xon=> X0, Xon* — X0 et fa(xon) = f(xo).

Si de plus X est super-réflexif, alors (i) et (ii) sont équivalents.
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Differentiating set-valued maps

Zvi Artstein

The Weizmann Institute Rehovot 76100, Israel

Abstract

Derivatives of compact set-valued maps will be defined,with the goal of developing a cal-
culus suitable to express evolutions of sets, and eventually differential equations for set
evolution. The motivation arises in controlled differential inclusions. The talk will com-

pare the suggested derivative to the available notions of derivatives for multifunctions
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Approximation and Regularization of
Arbitrary Functions in Hilbert Spaces
by the Lasry-Lions Method

Hedy Attouch

U.S. T. L., 34095 Montpellier Cedex 5. France
and

Dominique Azé

Université de Perpignan 66860 Perpignan Cedex. France

Abstract

I'hie Lasrv-Lions's regulanization method 1s extended to arbitrary functions. In par-
ticular. to any proper lower semicontinuous function f : X' — R U {+2x} defined on
a Hilbert space X and which is quadratically minorized (i.e. f(r) > —¢(1 4 ||2]|*) for
some ¢ > (), is associated a sequence of differentiable functions with Lipschitz continuous
devvatives which approximate f from below. Some variants of the method are considered
meluding the case of non quadratic kernels.

Approximation methods play an important role in nonlinear analysis. A number of
pioblems in varational analysis and in optimization theory give rise to nonsmooth func-

tions with possibly infinite values defined on finite or infinite dimensional spaces. By using

o tegularization procedure based on the imfimal convolution or epigraphical sum (see [1]).




these problems can be attacked with the help of classical analysis tools. Let us mention in
this direction the pioneering works of K. Yosida [6]. H. Brézis (2], J.-J. Moreau {5]. These
authors deal with convex lower semicontinuous functions in Hilbert spaces and with the
corresponding subdifferential operators which are maximal monotone. The regularized
function is proved to be C'"! (continuously differentia ble with Lipschitz continuous gra-
dient). Some direct extensions have been recently obtained in [1] for more general kernels
than the square of the norm. A difficult problem is to extend these results to the non
conver case. A decisive step in this direction has been done recently by J.-M. Lasry and
P.-L. Lions in {4]. They were motivated by the study of the Hamilton-Jacobi equations
and worked with bounded uniformly continuous functions. In [3] Theorem 2.6, bounded-
ness and uniform continuity assumptions are removed: the approximation/regularization
result is obtained assuming that the absolute value of the function is quadratically ma-
jorized. Our main results state that, given any quadratically minorized function f defined
on a Hilbert space X with values in IR U {+cc}. the function ( f,)* defined by the formula

el uy—rii?}

2A 2u

(fa)(z):= Supyex Infuex { flu) +

i~ (M whenever 0 < g < A and abr-_aches f from below as the parameters A and 4 go
to 0. Observe that our growth » umption on f allows to treat the case of an indicator
function. Clearly. by excha..e g the order of the inf-sup operations. one obtains a corre-
sponding approximatior {rom above. The paper is organized with respect to increasing
generality. We consider successively the convex. then the convex up to a square case,
aid finally the reneral case. A natural question that arises concerns the flexibility of
the method. The case of non quadratic kernels is also considered. These results open
new perspe:tives in nonsmooth analvsis and ask for further developments: one may think
defining generalized derivatives by relying on these approximation techniques. Regular-

ization of sets can be considered too by using their indicator functions.
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Sum of Maximal Monotone Operators

revisited: The variational sum

Hedy Attouch

U.S. T. L., 34095 Montpellier Cedex 5, France

Jean-Bernard Baillon

Université Lvon I, 69622 Villeurbanne Cedex, France and

Michel Théra

Université de Limoges, 87060 Limoges Cedex, France

Abstract

The sum of (nonlinear) maximal monotone operators is reconsidered from the Yosida
approximation and graph-convergence point of view. This leads to a new conncept. called
vartatiornal sum. which coincides with the classical {pointwise) sum when the classical
sum is maximal monotone. In the case of subdifferentials of convex functions, the varia-
nional sum is equal to the subdifferential of the epigraphical sum (inf-convolution) of the
functions. A general feature of the variational sum is to involve not only the values of the

two operators at the given point but also their values at nearby points.
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CONVERGENCE OF STATIONARY SEQUENCES FOR VARIATIONAL
INEQUALITIES WITH MAXIMAL MONOTONE OPERATORS

A. AUSLENDER

Department of Applied Mathematics
University Blaise Pascal
63170 Aubiere Cedex, France

Abstract. Let T be a maximal monotone operator defined on RN. In this paper we
consider the associated variational inequality : 0 € T(x*) and stationary sequences {x;'}
for this operator, i.e., satisfying T(x¥) — 0. The aim of this paper is to give sufficient
conditions ensuring that these sequences converge to the solution set TI(O) especially
when they are unbounded. For this we generalize and improve the directionally local
boundedness Theorem of Rockafellar to maximal monotone operators T defined on RN,




A survey of Young measure theory and

some applications

Erik J. Balder

Mathematisch Instituut, Rijksuniversiteit Utrecht, Netherlands

Abstract

A survey will be given of Young measure theory and some of its applications. As
for the theory. it has heen discovered in the past decade that Young measure theorv
torms an extension of the classical weak convergence theory for probability measures on a
topological space {Bal.Ba2.Va]. with a useful reinforcement in the form of A -convergence
Ba3.Bat.Ba5]. As for the applications. I shall limit myself mainly to discussing Fatou-
tvpe lemmas [Bal.Ba6.BaHe] and results a la Visintin [Ba7,Ca.Ba5.Ba8).
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Wijsman Convergence of Closed and

Convex Sets: an Overview

G. Beer

California State University, Los Angeles Ca 90032 USA

Abstract

A natural way to define convergence for a sequence (or net) of closed sets in a metric
space is to insist that the associated sequence (or net) of distance functionals conver-
gences pointwise to the distance functional of the limit set. This point of view stems from
the seminal paper of R. Wijsman on convergence and convex duality. and has since been
developed by numerous authors. In this talk, we give an overview of the major results
involving this mode of convergence, indicating connections with convex analysis, Banach

space geometry, and measurable multifunctions.
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Approximation and regularization of

arbitrary sets in finite dimension

Joél Benoist

Université de Limoges. 87060 Limoges Cedex, France

Abstract

I this paper. we define the regularization of a set in R™ by using two kernels. More
precisely. let (L';. '3) be a pair of two kernels (nonempty open subsets of R™): then. for
a nonempty closed subset X C R™. we associate its regularizing family (R (V })ocuer

defined by:
R,\.u(-x-) = C(C(.\' + /\1\'1) + ﬂ]\-z),

where 0 < g < A be two real numbers and ‘A denotes the complement of A 1n R™
When A’y = L', is the open unit ball, we can easily build the regularizing family. When
Ay = — N, is a quadratic kernel and when X' is the epigraph of a lower semicontinuous
function. we retrieve the Lasry-Lions regularization (see [2]). Results are obtained in four

directions:

1. general properties about Ry, (.X) which are issued of its definition ;
2. the convergence of the regularizing family when (A, ) — 0O:
3. the smoothness of the set Ry ,{X):

1. the asymptotic behaviour of Clarke’s normal cone (see [1}) of the regularizing family.




References

{11 J.-M. Lasry and P.-L. Lions. A remark on regularization in Hilbert spaces. Israel

Journal of Mathematics, 55 (1986), pp. 257-266.

2] F. Clarke. Optimization and nonsmooth Analysis. New-York, John Wiley, 1933.




ASYMPTOTIC CONES, CLOSED IMAGES
A™D A THEOREM OF DIEUDONNE

E. Blum (Lima)
W. Oettli (Mannheim)

Asymptotic cones were introduced to describe the behaviour of convex sets "at

infinity”. If A is a convex, closed, nonempty subset of a real separated topological
vector space E, then the asymptotic cone A_ of A is classically defined as

(1) A =M A(A-a),
>0

when a e A is fixed arbitrarily. The definition is independent of the chosen 2 € A.
Dieudonné (3] has proved the following result :

Theorem. Let A, B be convex, closed, nonempty subsets of E. Let A be locally
compact and A_ n B_ = {0}. Then A-B is closed.

Dedieu [2] has generalized the definition of asymptotic cone for arbitrary subsets
A g E asfollows:

(2) A=M(08)A.
>0

He extended Dieudonné's result to the case where A and B, instead of being convex, are
raditating in ac A and be B respectively. Dedieu's proof follows rather closely the
proof of Dieudonné. This is possible, because if A is radiating in a € A, then (1) still
holds, as in the convex case.

Groinner [4] has carried over Dieudonné’s result to convex multivalued mappings
T:E 3 F, where F is another topological vector space. Using Dieudonné's result he
gave conditions for T(A) to be closed, where A is a closed convex subset of E.

Here we want to prove the following result, which generalizes Dedieu's and

Groinner's results :




Theorem. Let E, F be real topological vector spaces. Let T : E 3 F be a multivalued
mapping. Let graph T be closed. Let A E be closed, locally compact and radiating in
aeA.Let T := {teE\te A_, (t,0) € (graph T)_}. If T = {0}, then T(A) is closed.

Here A_ 1is to be undertood in the sense of (2). If we set T(X) := X-B we obtain

Dedieu's result under weak assumptions. It should be noted that the requirement TN, =
{0} above can be replaced by the requirement that Tl is a linear subspace and

A+T < A, graph T + (T x{0}) < graphT.
[t is interesting to note that already Debreu in [1,p. 23] gave without proof the following

result : If A, B are arbitrary closed subsets of R"™ with A_nB_ = {0}, then A-B is

closed.
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EQUICOERCIVITE DE PROBLEMES VARIATIONNELS
LE ROLE DES FONCTIONS DE RECESSION

G. BOUCHITTE ( UTV Toulon)
en collaboration avec P.SUQUET (LMA Marseille)!

Soit X un espace de Banach et 1 une topologie rendant compactes les boules fermées de X. Etant
données FO.F : X—]-e0,4+0o] des fonctionnelles convexes propres telles que :
T- lime F?* =F
n—oo
et une forme linéaire T - continue L : X—IR , on se propose de caractériser I'ensemble des scalaires A

pour lesquels la suite F; :=F0- A L() est équi-coercive dans X ( ce qui assurera la convergence des

infima associés). Lorsque cet ensemble J contient 0, il est montré que J =] A-A+[ ou:

A+ = Min { Feo{u) ;ue X, L(u) =+1)
Fe ¢étant la fonction de récession de F.
Diverses applications sont données en théorie de la plasticité, capillarité ..etc..

En liaison avec l'approximation des coefficients A+ 2 l'aide des problémes approchés
Ant =inf { F& (u) ; L(u)=%1 }, on s'intéresse ensuite A la convergence des fonctions de récession

F& vers F.En général I'égalit¢ 1- lime F%=F, estfausse.Ele est viaie cependant dans le
Nn—oe

cas XY avec Y Banach réflexif et injection compacte sous une hypothese supplémenuaire de
compatibilité des domaines des fonctionnelles conjuguées sur Y* :
w- Ls dom (F)* c dom F*
n—oo
En application au probléme des charges limites en plasticité , on obtient ainsi via l'inégalité de
Deny-Lions un résultat d' homogénéisation en milieu incompressible .

' 4 paraitre dans Séminaire EDP College de France 1991 , Pitman
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About proximal determinations of Huber’s

estimators

Mireille Bougeard

Université de Paris X, 92410 Ville d’Avray, France
and

Christian Michelot

Université de Paris 1, 75634 Paris, France

Abstract

In recent years. robustness is a problem that has been given much attention in the sta-
tistical literature on the linear regression model. One reason of this interest is an increasing
sensitivity of applied statisticians to potential deficiencies of least squares methods un-
der the occurrence of outliers. Several robust alternatives have been considered. Among
them. we find the class of M-estimators introduced by Huber [3]. Huber's M-estimator.
proved to be the M-solution to a contamined Gaussian model, is of particular interest. It

conssts in solving the following problem:

Find 3 € argmin »(3) = Zn:p[(.\'ﬂ - y)) (P)

1=

where X is a given n x m matrix, y €" and p is the cost function, depending on a given




tuning constant c. defined by

12 il < e

p(r) = ' _
c[r] = 3¢* otherwise

Several iterative resolution procedures have already been investigated to find the
Huber M-estimator.

Here. according to the closed connection between Huber's cost function p and the
Moreau-Yosida c-approximate of the £; cost function observed in [1]. we propose to solve
the optimization problem (P) by a proximal approach combined with duality whose ability
in solving efficiently some closely related problems, namely location problems. has been
proved [5}{6].

In a firet nart Af this paper we reformulate the Huber problem as a linearly con-
strained optimization problem. Then, thanks to duality (in the sense of Fenchel), we
derive optimality conditions and we give several applications of these conditions {descrip-
tion of the entire set of optimal solutions, asymptotical results,..). We also show these
optimality conditions can be solved by the Partial Inverse Method developed by Spingarn
7. The algorithm. which can be viewed as a decomposition technique, gives very simple
updating rules and permits parallel computations, what is of interest for large size data.
As nstance of the well known basic proximal algorithm. the procedure is known to be

very stable and alwayvs globally convergent.

In a second part. we give a new equivalent formulation of the Huber prohlem that
leads to a second duality scheme with decomposition properties in terms of “small resid-
uals” and outhiers. We show that this new formulation is also convenient to deal with

‘hiality and can be solved by the partial inverse method.
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A FEulogy on Nonconvexity

Arrigo Cellina

SISSA, 34014 Trieste, Italy

Abstract

There is some interest in problems of the Calculus of Variations and Optimization
theory without the usual Convexity conditions.

This talk is mainly devoted in exploring and debating the reasons in favor of this
approach to the problem.

Some recent existence results for problems involving the gradient will be discussed.




Convergence Issues in Penalty Methods.

Linear Programming for Instance.

Roberto Cominetti and Jaime San Martin

Universidad de Chile, Casilla 170/3 Correo 3, Santiago, CHILE.

Abstract

Siice the contributions of Kachivan (1979) and Karmarkar (1984) on polynomial algo-
vithms for linear programming, intensive research has been directed towards interior point
mmethioas for linear as well as nonlinear programming. A number of polynomial algorithims
for LP and QP have emerged from this -esearch. some of which have shown to be “com-
petitive” with respect to more standard algorithms such as the simplex method. Recent
advances have clarified the closed relationship between interior point methods and the
Cassical (and somewhat forgotten) penalty methods.

[1: this lecture we present the analysis of trajectories associated to an exponer:tial
penalty function: the existence and convergence of these trajectories towards a “center”
pomt of the optimal set, the exponentially fast rate of convergence towards this center.
rovether with a fairly complete duality theory are all established under the sole and very
weak assumption of boundedness of the solution set.

The analvsis is presented in the simplest setting of LP, but some results of nonlinear
dature are exposed ax well. The computational efficiency of an algorithm based on expo-
sential penalties, predicted by the fast convergence rate, have been confirmed by (himited)
coniputational experience,

On the other hand. the (unexpected) good behavior of trajectories raise interesting
(nestions concerning the limits to which one can push a satisfactory sensitivity analysis of
nonlinear parametric programs in the absence of the usual strong second order hypothesis,
Imear independence of active gradients, ete. and suggest that significant extensions are

<t possible i this area.




I
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Suprema of Wijsman topologies in normed

spaces

Pietro Poggi Corradini

Via Cesariano 8, 20154 Milano

Absrtact

Our work starts from a theorem of . Beer which states that, on the hyperspace of closed
and convex sets of a normed linear space X. the supremum of the Wijsman topologies
ranging over the equivalent norms coincide with the Slice topology. In this context. we
proved that. on the hyperspace of closed sets, it suffices to weaken a little the Slice topol-
ogv to find a similar statement. That is to say. on the closed sets of X', the supremum of
the Wijsman topologies made as above coincide with the Hit-and-Miss topology generated
by the V'~ with 1" open set of X, and the (B¢)** with B closed convex bounded and
svmmetric set of X'. Here symmetric means that B is the translated of a set symmetric
at the origin of X. This new topology always coincide with the Slice topology on the
closed and convex sets, while on the closed sets this is true if and only if X is finite
dimensional. Moreover, since a result of Borwein and Fitzpatrick states that, when X is
reflexive, the supremum of the Wijsman is in fact a maximum, we examined the situation
on the closed sets and found that in this case the supremum is realized if and only if X

i~ finite dimensional.
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A splitting property of the upper

bounded-Hausdorff convergence

Camillo Costantini

Dip. Mat. Universita di Milano, Via Saldini 50, 20133 Milano, Italy

Abstract

In the Hyperspace of a metric space (X,d), a caracterization of the upper bounded-
Hausdorff convergence is provided. Precisely, we prove that a net (A;)¢; of closed subsets
of X is bH*-convergent to a closed subset A if and only if for every i € I there exist closed
subsets B;,C; of X such that:
1) A, = B.‘ UC';

Ht
2) By — A;
3)Vz € X: limyerd(z,C;) = 400 (or, equivalently, C; -, 0).
As an application, we obtain that if every A; is connected and the set A is bounded. then
the upper bounded-Hausdorft convergence of the A,’s to A implies their upper Hausdorff

convergence.
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Subdifferential Monotonicity as

Characterization of Convex Functions *

Rafael Correa, Alejandro Jofré
Universidad de Chile, Facultad de Ciencias Fisicas y Matemadticas,

Casilla 170-3 Correo 3, Santiago, Chile
and

Lionel Thibault

Université de Pau, Av. de 'Université, 64000, Pau, France

Abstract

It is known and easy to prove (Clarke (1983)) that the monotonicity of the Clarke
subdifferential of a locally Lipschitz real valued function is equivalent to the convexity
of this function. In order to prove the same result for a lower semicontinuous function
f: E — RU{+00} we have considered in Correa, Jofré and Thibault (1990) the Moreau-
Yosida proximal approximation

. 1
faz) = inf[f(y) + 55z = 4l?) (1)

“This work was partially supported by Fondo Nacional de Ciencia y Tecnologia, FONDECYT
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since (under some general conditions) f, is locally Lipschitz and

f(z) = sup fi(z).

A>0

Thus our procedure consisted in deriving the monotonicity of 8 f, from that of 8f. This
method required the reflexivity of the space E because it depended heavily on the fact
that the above infimum is attained whenever the Frechet subdifferential 8F f(z) of f at
z is nonempty. This has been obtained by supposing (thanks to the reflexivity of E)
that the norm of E is Kadec and by showing that (when 87 f(z) # ¢ ) there exists
some minimizing sequence of (1) weakly converging to some point z and whose norms
converge to ||z||, which implies the strong convergence of the sequence. The same result
was proved before by R.A. Poliquin (1988) for E = R™ with the help of his notion of
quadratic conjugate function.

In this paper, by a completely different approach, we avoid the use of the Moreau-
Yosida approximation fy in order to get the result for any Banach space E. In fact we
prove that the monotonicity of any classical subdifferential 8f of a lower semicontinuous
function f : E — R U {400} defined on a Banach space E is equivalent to the convexity
of this function f.
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Index multiplicatifs de convexité/concavité

et applications

J.-P. Crouzeix et R. Kebbour
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Résumé

L’étude de la concavité/convexité d'un produit de fonctions séparables est faite a partir
de la notion d'index de convexité/concavité dérivés de l'index de convexité introduite par
Debreu-Koopmans et Crouzeix-Lindberg. Des applications sont données en économie et

pour des fonctions potentielles introduites récemment en programmation hinéaire.
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Stability of subdifferentials of non convex

functionals

Robert Deville

Université de Franche Comté, 25030 Besancon Cedex, France

Abstract

We present some recent variational principles and we apply them to show various stabil-
1ty results of subdifferentials and superdifferentials of non convex functionals in infinite
Jdimensions. These results are applied to the geometry of Banach spaces and to the study
of Hamilton-Jacobi equations or of fully non linear second order partial differential equa-

"lons in infinite dimensions.




On the Convergence of Efficient Sets
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Abstract

Let E be a normed space partially ordered by a convex cone C. The set of efficient points

and of weakly efticient points of A are defined by
MindA={a€A:a€a +Cfor somea’ € Aimpliesa’ € a+ C}

WAMinA={a€A:thereisnoa € Awitha € a' +intC}

['hie question studied here is the dependence of Afin4 and W A inA on perturbations of
A. The main results existing on this topic [1]{2][4], deal with the Kuratovski-Painlevé lim-
it~ For instance. one can prove that if m,_.. A, = A then limsup,__ W M4, C

W AfinaA. When E s finite dimentional and A is closed this result can be read as

“visiting the Umiversity of Limoges
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limp~o d(An,z) = d(A,z) , for all z € E, implies liminf,_.o d(W MinAd, z) >
d(WMind,z) for all z € E. Examples show that the same conclusion is not always
valid in an infinite dimentional setting. Here we present two particular cases in which
the result holds, either supposing that E is an Hilbert space with C a polyhedral cone. or
with the condition that U W M in A,, is relatively compact. Another interesting topic is to
obtain an opposite inequality in the form limsup,_ . d(MinAd,,z) < d(MinA,z) for all
x € E. For this type of conclusion we present sufficient conditions ensuring at the same

time that Min A is nonempty.
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ON VARIATIONAL STABILITY IN COMPETITIVE ECONOMIES

Sjur Didrik Flam
Bergen University, Department of Economics, 5008 Norway

ABSTRACT. We explore the variational stability of supply, demand and equilibria in
perfectly competitive economies. The appropriate, and in fact, minimal limit notion is
fumnished by the concept of Kuratowski-Painlevé convergence together with the derived
concepts of epi and hypo convergence. When technologies and preferences converge in
such manners we show, subject to compactness assumptions, that equilibria of approximate
economies cluster to those of the limiting economy.

Kev words: Epi-convergence, hypo-convergence, slice topology, Hotelling’s lemma,
Shepard’s lemma, excess demand, indirect utility, expenditure function, competitive
equilibria.

1 INTRODUCTION.

Microeconomic theory deals with the behavior of firms and consumers interacting via
markets. Typically one wants to understand (or predict) equilibrium demand and supply
of these agents. The dominating paradigm is then constrained optimization: each firm (or
consumer) is assumed to maximize its achievable profit (resp. utility) subject to
constraints. As a rule, only one half of such optimization problems is visible for an
outside observer: For a given, fixed price-vector p the objective of a profit-maximizing
firm is a known linear function <p,-> . By contrast, its technology, that is, the set Y of all
possible production plans y is often hard to describe. This situation is precisely reversed
for a representative consumer: On one hand, an adequate description of his feasible set is
readily given by the budget constraint <p,x> < b, b denoting here his budget. On the
other hand, his utility function u mapping the commodity space E into [-e0,00), is usually
unknown, or at least, not made directly explicit.

This state of affairs prompts at least two questions. First, one regarding a dual approach
(Diewert, 1982): Otserving the optimal choice correspondences

p = X(pb), p— Y(p)
portraying demand and supply of an individual consumer and a single firm is it possible
to reconstruct the underlying preference u: E—~ [-e0,00) and the technology Y ?
Second, in terms of sensitivity analysis (also named comparative statics), knowing the two
optimal value mappings, namely the expenditure function

p — e(p) = <p, x> x € X(p,b)

and the profit function,

p - n(p) := <p, y>, y € Y(p)
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may one predict changes AX(p,b), AY(p) that result from price perturbations Ap? Not
surprisingly, good answers to these questions have been granted by the application of
convex analysis. Some of these results are recalled in Prop. 3.1-2 below.

However, since economic models suffer from inaccuracies of various sorts, such answers
are usually inexact. In fact, to provide estimates of competitive supply and demand is not
well founded unless the correct, yet unknown economic model is stable in some
appropriate sense. This observation motivates the present note to inquire: What kind of
convergence E" — E between economies E"E ensures that compeiitive equlibria of the
approximate economies E", n=1,2,..., cluster to those of the limit economy E?

At the level of technologies the convenient and natural notion Y" — Y is that Kurarowski-
Painlevé convergence. For preferences it turns out that the most suitable convergence
mode u" — u is that of hypo-convergence. All definitions are recalled in Section 2. As
customary in microeconomics we focus first on one firm (Sect. 3) and one consumer
(Sect. 4) the objective being to explore stability of individual demand and supply.
Thereafter the results obtained for single agents are synthesized into a general equilibrium
analysis (Sect. 5). To facilitate the exposition we shall assume, for the most part, that the
commodity space E is finite-dimensional Euclidean. Sect. 6 points out generalizations.

The novelties of this paper are mostly in terms of applications; it opens up for variational
analysis in competitive economic contexts, a branch so far not much developed.
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Viability for Constrained Stochastic

Differential Equations

Serge Gautier and Lionel Thibault
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Abstract

The existence of viable solutions of constrained stochastic differential equations {with
$rownian motion s established under a stochastic tangential condition. The approach

i~ based on an appropriate notion of approximate solutions.
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Multivalued strong law of large numbers in the Wijsman topology and the slice
topology.

Christian HESS!

In recent years, multivalued strong laws of large numbers (SLLN), especially for unbounded random
sets, proved to be useful in applications to stochastic optimization, statistics and related fields.
Results of such type were first provided by Artstein and Hart [ArH] for random sets (r. s.) with
closed values in finite dimensional spaces. Later, Hiai [Hi] and Hess [He3, 4] independently proved
similar results for random sets with values in an infinite dimensional Banach space. These

multivalued SLLN were proved assuming that the set of all closed subsets of the Banach space X,
denoted by C(X), is endowed with the Mosco topology (which reduces to the Kuratowski-Painlevé

topology for finite dimensional spaces).

Although these SLLN provide useful probabilistic convergence properties, one may ask for other

results involving more explicitelly the norm of the space X. A natural and well-known topology for
this purpose is the Wijsman topology, denoted by “Cyy . It is the topology of pointwise convergence

of distance functions. So, a natural qucstion is : in a general (separable) Banach space, does the
SLLN for random sets with values in C(X) hold when this set is endowed with “Cw ? An affirmative

answer to this question is provided by theorem 1 (A) below. .
On the other hand, more recently, G. Beer [Bel, 2] introduced the "slice topology” on C(X), which

is a natural extension of the Mosco topology. Indeed, Beer showed that, in a general Banach space,
the slice topology, denoted by “Us, is stronger than the Mosco topology, and that both topologies

coincide if and only if X is reflexive. Further, on C(X) the slice topology is stronger than Ty .

Consequently, one may also ask if the multivalued SLLN holds in the slice topology. A positive
answer to that question is funished by theorem 1 (B).

Theorem 1 - A) Consider a separable Banach space X, an integrable r. s. I" with values in ¢(X) and

a sequence (I'p)nx1 of pairwise independent r. s. having the same distribution as I".
Then, there exists a negligible subset N such that, for any w € C\N, one has
n
(1 oI, &)=T-lm 13 riw)
n—oe i)
where U = “Uw , that is, forany x € X,
) n
d(x, Co (T, &) = lim d(x, = >, Ti(w)).
n—eo i=1

B) Moreover, if X* is strongly separable then (1) holds with T = Ts.

ICEREMADE, Université Paris Dauphine, 75775 PARIS CEDEX 16, FRANCE

St
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Théoréme 2 (Application to integrands) - Consider an integrable convex lower semi-continuous

normal integrand f defined on Q x X with values in R and a sequence (fn)n>1 of Isc normal

integrands, pairwise independent with the same distribution as f. Also define the mean functional of
f, namely the function F given by

F(x) := If((o, x) d» xe X.
Q

Then for almost all ® € Q, one has
1 n

@ Frs = Tg-lime — Y fi(w, ).
n—o =}

where F** is the biconjugate of F. In (2) 'lim¢' means 'epigraphical limit". More precisely, for almost
all w, the sequence of epigraphs

n
epi (1Y filw, ) n21
i=1

“Ls-converges to epi F**,

See [Hes, 6] for the proofs and further discussions. The proof of theorem 1 (A) heavily relies upon

specific properties on the distribution of random sets ({ArH] and [Hel, 2]). Also note that results
similar to theorem 2, but for other topologies on C(X), has been obtained by Attouch and Wets

TAtW].
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SUBDIFFERENTIAL CALCULUS WITHOUT
“QUALIFICATION” CONDITIONS

J.-B. HIRIART-URRUTY and R. R. PHELPS
University Paul Sabatier University of Washington
TOULOUSE SEATTLE

Abstract. Calculus with subdifferentials of convex functions is important for dealing
with variational problems ; if f is constructed from some other convex functions fj , the
problem is to compute (exactly) of in terms of the ag s. When the functions involved are
extended-valued, some “qualification” conditions are usually required to get the desired
formulas. For example, various conditions ensure that d(f1+f2) = of + df , but these
conditions are not always satisfied in variational problems.The aim of the present work is
to derive a new set of calcuius rules for subdifferentials of convex functions,
without any qualification condition, substituting the information

(9 efj(x). € € ]0,]) for dfj(x). The threshold € > 0 can be taken as small as desired, the
“zero” of your computer for example. Again the role of the € - subdifferential def as a
“smoothing effect” or “‘viscosity enlargement” of df is emphasized. We give hereunder
some snapshots of the calculus rules obtained.

(1) Sum. Suppose that f] and f; are proper lower semicontinuous convex functions ;
then (with the bar denoting the closure in the weak * topology)

ofi+f2)x) = [ g f1(x) + 3¢ f2(x) ] (€ > 0 arbitrary)
O<eie

[zlim [85 f1(x) + d¢ fz(x)] .
ed0
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(2) Inf-convolution. If fy and f5 are convex lower semicontinuous,

dffof)x) = N V) [0¢ f1(3) ~ 3¢ F2(x-y)1,
O<ese  yeEe(x)

where Ee(x) = {y : f1(y) + f2(x-y) < (f1 0 f2) (x) + € }.

(3) Maximum. If f} and f3 are convex lower semicontinuous, if f1(x) = fp(x),

d[Max(fL.f)lx)= M co[de f1(x) v de f2(x)] (A. BRONDSTED, 1972).
O<e<E

Once some key-formulas are derived (like the one on the sum of functions), formulas
concerning further operations are deduced by using the usual tricks and transformations
in Convex Analysis.

The cases of marginal functions and differences of functions have been more thoroughly
studied in AVIGNON (A. SEEGER, M. VOLLE, R. MOUSSAOQUI) with applications in
the area of Calculus of Variations.
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Lipschitz Approximation of
Lattice Valued Functions

VINCENT JALBY

Université Montpellier II
Laboratoire d’Analyse Convexe
34095 Montpellier Cedex 05

ABSTRACT

Let E be an order-complete Banach lattice with norm || - || and positive cone
E.. We adjoin 10 E a greatest element +o00 and we set E* = EU {+o0}, E} =
E,U{+2c}. We introduce a new concept of lower semi-continuity for the functions
v from a separ..ble metric space (X, d) into E*: a function ¢ : X — ©£° is inf-
continuous at £ € X if for every e € E with e < y(z) and for every neighbourhood
V' of 0 in E, th re exists a neighbourhood U of z such that infy(U) € e+ V + E}.
This notion is “ronger than the usual one (cf. [2]). Both coincide when E has a

non empty int-:ior. We can now state the result of Lipschitz approximation.

THEOREM. Le* v : X — E* an inf-continuous proper function on X. Assume
that there exis. a,b € E, and o € X such that Y(z) > —a — d(z,x0)b. Vr € X.
Then there exist h € E4 with ||h|] € 1 and ko € N* such that for all k > k.
the functions 1* : X — E 1 v infyex {v(y) + kd(z,y)h} verify the following
properties:

1) lef(z) - v*(y)| € kd(z.y)h, Vi(z,y) € X x X.

2) Jjok(z) - vE(y)| < kd(z.y). V(z.y) € X x X,

3) viz) = sup; vk(z), VreX.

4) vir)=umgv (r), Vr< X svhthaty(z)€ E.

We point out that the element h 1s not unique and that it depends on . Also.
if v+ is such that there exists a sequence (v, ), of functions verifiyng (1) to (4) then
v 1s inf-continuous.

We use this approximation result to characterize an epi-like convergence of lat-
tice valued functions: let (v, ), a sequence of functions from X into E*® and de-
fine lie vy = sup, lim_inf ¥ (B(z,1/p)). lse ¥n = suppli_m,. inf ¥ (B(z,1/p)). I



¥, (¥n)n are finite inf-continuous functions minored by —a—d(z, ro)b and such that
Y¥n < 9, then one has lie ¥n(z) = sup, lim ¥E(z), Ise ¥n(z) = sup, lim, pX(z). It
seems that the “good” definition of convergence is the following: a sequence (¥, )n
*-epi-converges uniformly on X to v, if from every subsequence of (1,)n one
can extract another subsequence (¥, )p such that lie ¥n, = lse ¥n, = Yoo. This

notion have many variational properties such that inf oo > im,[inf ¥n,] for a sub-
sequence (¥n,)p. Actually, the only relation between uniform =-epi-convergence
and the convergence of the epigraphs is the following inclusion: Epi(lse ¢,) C
Li(Epi¥,).

We also extend to lattice valued integrands the previous approximation result
and prove a strong law of large numbers for this integrands.
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On B-subgradients and applications

Alejandro Jofre
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Abstract

The set of b-subgradients of a function f. 9,f. is a notion which generalizes the deriva-
tive. in the sense that. it is reduced to a singleton when the function f is differentiable.
This subgradient set and the related normal cone N, are always smaller than the Clarke
ceneralized gradient and its correspondent normal cone. Recentlv, an important num-
ber of calculus rules (Michel & Penot. Treiman), optimality conditions in mathematical
programnung and optimal control, Proximal normal and b-subgradient formulae (Jofre
& Thibault, Tremman) and Frechet (¢, r)-normal formula (Jofre & Thibault) have been
proved using these concepts. In this talk, we show two consequences of the proximal -
normal formulae. Firstlv, we give estimates to b-subgradient of the optimal value function
I

plu) =inf{f(z): glzr)+u€ -K,r €}

assouciated to the parameterized nonsmooth optimization problem

minimize f(r) subject to
glr)+ue —f

re(




where f : E — R and g : E — RP are locally Lipschitzian functions, C i1s a nonempty
closed subset of a Banach space E, and K is a convex cone in R?. Qur proof follows the
ideas of Rockafellar and Clarke’s works with a major difference, the set-valued map &, f(-)
is not upper semicontinuous even if f is locally lipschitzian.

Secondly, we give a result on the b-normal cones, in the vein of Cornet-Rockafellar’s
theorem (1989), which coincide with a separation theorem when the sets are convex.
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Semi-Infinite Optimization:
Structure and Stability of the Feasible Set

H. Th. Jongen

RWTH Aachen, Germany

Abstract

This research was done in collaboration with F. Twilt and G.-W. Weber. The problem
of the minimization of a function f : [R" — [R under finitely many equality constraints
and perhaps infinitely many inequality constraints gives rise to a structural analysis of
the feasible set M[H.G] = {z € " : H(z) =0, G(z,y) 20, y € Y} with compact Y
in [R”. An extension of the well-known Mangasarian-Fromowit: constraint qualification
{EMFCQ) is introduced. The main result for compact M[H,G] is the equivalence of the
topological stability of the feasible set M{H,G] and the validity of EMFCQ. As a byprod-
uct. we obtain under EMFCQ that the feasible set admits local linearizations and also
that M[{H.G] depends continuously of the pair (H.G). Moreover, EMFCQ is shown to be

satisfied generically.
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Metric regularity and stability in

semi—infinite optimization

Diethard Klatte
Institute for Operations Research

University of Zurich

CH - 8044 Zurich

Abstract

In the paper we study parametric nonlinear optimization problems of the type SIP(¢):

f(z.t) — ming
subject to
hi(z,t)=0,:1€1,
g(j,z. )20, 7€ Kk,

where ¢ is regarded as a parameter varying over some metric space T, [ := {1,....p}.
h 15 a compact su'bset of R* ,and h,: R®*xT — Randg: R*xR*"xT — R are
continuous functions being C! w.r. to z resp. (j.z).

Given t° € T and some solution z° to SIP(1°) of interest (e.g., a local minimizer or a
stationary solution in the Kuhn-Tucker scnse), we are looking for conditions ensuring
regularity of the constraint system near (z°,1°) and local stability of the solution. As a
main regularity requirement on the constraints, we use the Extended Mangasarian Fro-
movitz Constraint Qualification (EMFCQ). ¢f. Jongen, Twilt and Weber [3]. First we

show that EMFCQ at some feasible point z is necessary and sufficient for metric regularity
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of the constraint system at z, cf. Henrion and Klatte [2]. This fact increases the number
of equivalent characterizations of EMFCQ: In Henrion [1], equivalence between EMFCQ
and some local epigraph representability of the constraint set was observed, and in [3],
there is shown that the feasible set of a semi-infinite program is (topologically) stable in
Jongen’s sense if and only if EMFCQ holds on the whole set.

Then, assuming EMFCQ at a strict local minimizer z° of the initial semi-infinite problem
(i.e., at t°), the continuity of some portion of the local minimizing set mapping at t° im-
mediately follows, and, under more structure, even "upper Hoelder” continuity holds, cf.
Klatte [4]. Using a certain extension of the Gauvin-Robinson result on local boundedness
of the Lagrange multiplier set mapping under MFCQ to our situation, one may show
the upper semicontinuity of some portion of the (Kuhn-Tucker) stationary solution set
mapping.

Finally, we present strong stability results under the well-known reduction ansatz. This
approach leads - even under restrictive smoothness and regularity conditions on the orig-
inal data - to a C'! optimization problem with finitely many constraints, and one may
apply the stability properties known in this case, cf. Klatte [4].
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Convergence of diagonally stationary

sequences in Convex Optimization

B. Lemaire & M.A. Bahraoui
Université des Sciences et Techniques du Languedoc
Place E. Bataillon, 34095 Montpellier Cedex 5

Let f be a closed proper convex function defined on a real normed vector space X.
Denoting by 0f(z) the subdifferential of f at z and by d,(0,C) the distance, in the dual
space X* of X, from 0 to the subset C of X*, we say that a sequence {z,} in X is
stationary for f if it satisfies

lim d.(0,0f(zx) =0

n—+0o

that is, for each n € IN,z, is determined along with a subgradient z}; € 3f(z,) such that
r; — 0 strongly in X*. Some infinite constructive processes for minimizing f generate
such a sequence. Actually, in most situations (infinite dimension of X, constraints in f).
such a process is not applied to f itself but to a fixed approximation of it.

The idea of diagonal processes, as introduced in [Boy 74], is to combine a basic pro-
cess with a sequence {f"} of (closed proper convex) approximations of f changing the
approximation at each step of the process. For stationary sequence generating processes
this leads to generating what we call a diagonally stationary sequence (DSS) for {f"},
that is, a sequence {z,} in X such that

lim d.(0,0f(zs) =0

n-—+00

A natural gquestion arises: under what conditions on {f"} with respect to f is the
considered basic process stable in the sense that the diagonal process inherits the conver-
gence properties of the basic one 7 Variational convergence theory has revealed powerfull
tools to study this question in the context of particular basic processes [Lem 88, Mou 89.
Tos 90,A-L 91,Lem 91]. The purpose of the present work is to proceed on that way for gen-
eral DSS. We first consider the case of bounded DSS with different kinds of convergence
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of f* to f. For unbounded DSS we introduce tne notion of equi well asymptotical
behaviour (of the sequence {f"}) which extends the notion of well asymptotical be-

haviour introduced in [A-C 89] for a single convex function. If X is a (generil) Banach

space, this notion appears to be equivalent to a notion of equi well posedness closely re-

lated to the one introduced in [Zol 78], equivalence yet established in [Lem 92! for a single

convex function between well asymptotical behaviour and well posedness in the (extended

to nonuniqueness) sense of Thikhonov.
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SOME NEW RESULTS ON WIJSMAN TOPOLOGIES

S. LEVI (Milano)

Following the paper {BLLN], new results are appearing (see [Be] and [CLP] that
point towards the centrality of Wijsman topologies within the theory of set convergences.

It is therefore of interest to describe the conditions under which two equivalent
metrics generate the same Wijsman convergence in the hyperspace.

¢o(X) will denote the hyperspace of nonempty closed subsets of the metrizable
space X.

We recall the following results from [BLLN] :

- the Vietoris topology on ¢(X) is the supremum of the Wijsman topologies over
all equivalent metrics on X ;

- the upper Hausdorff topology generated by a metric d on X is the supremum
of the Wijsman topologies over all metrics that are uniformly equivalent to d.

and from [Be] :

- the slice topology on the closed convex subsets of a normed space is the
supremum of the Wijsman topologies over all metrics generated by equivalent norms.

In the forthcoming paper [CLP] the following result is proved :

- Kuratowski convergence on c¢(X) is the infimum - in the lattice of
convergences - of the Wijsman topologies over all equivalent metrics on X.

As for equality of two Wijsman topologies we have the
Theorem [CLZ] : Let d and r equivalent metrics on X ; then the Wijsman topology

generated by 1 15 stronger on ¢(X) than that generated by d if and only if for every x
in X and 0 <e<a thereexists xj..x, in X and 0 <d;<s; (1=1...n) with

n n
B%x) © — By, (x) . B, (x)) © Byx)

where B‘i(x) is the d-open ball of center x and radius e.
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As a corollary we obtain that on the hyperspace of a normed space two Wijsman
topologics generated by equivalent non homothetic norms agree if and only if the space is
finite dimensional.

[Be] G. Beer, "Wijsman convergence of convex sets under renorming”, Preprint 1991,

[BLLN] G. Beer, A. Lechicki, S. Levi, S. Naimpally, "Distance functionals and
suprema of hyperspace topologies”. To appear in Annali di Mat. pura ed appl.

(CLF] C. Costantini, S. Levi, J. Pelant, "Infima of hyperspace topologies”, Preprint
1992,

[CLZ] C. Constantini, S. Levi, J. Zeminski, "Metrics that generate the same hyperspace
convergence", Preprint 1992.
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WEAK TWO-LEVEL OPTIMIZATION PROBLEMS AND TYKHONOV REGULARIZATION

Pierre LORIDAN Jecqueling MORGAN
Département de Mathématiquses. Dipartimento dt Matematica e Applhicezion:
Laboratoire d'Analyse numériqus, Univ. de Bourgogne Complessc di Monte San Angelo, vie Cint=:a
BP.138, 21004 Dijon, France 80126, Napolt, Itaha

_et U and Y be two finite dimensional suclidian spaces, X & non empty subset of U, K & multifunction from u ¢
the nonempty subsets of V, 11 and 12 1wo functionals defined on XxV and valued in R. We consider the
following two-leve! optimization proplem (with explicit constraints in the lower level problem) corresgenaing
10 8 weak Stacksiberg problsm {n which the set of solutions to the lowser level 1s not & singiston :

Find X€X such that: SUDUGP‘IZ(;) 1,y = m‘”xexs”puemz(x) 1,000
) where Mz(x) is the sat of aptimal solutions o the lower level praoblem

P(x): lnfUGK(x) Yz(x,u)
when the problem (S) fail to have a solution, in ordsr to obtain an approximation of (S), e-ragulerizetions rave
nesn consicered in preceeding papers ([LO-M0.1],[L0.-M0.2],[L0.-M0.3],[L0.-M0.4].[LL.-MC ].[MA -MC ..

more particularly 8 regulsrization of & Tykhonov typs. which ailows to substitute en {1i-possd twe -leve:
problem by a quast well-posed and approximating well-posed problem ([MC.]. Approximation results fe- ine
regularized problems and connections betwesen the diffarent approaches are given.

110 -M0.1] P Loridan, J.Morgan, "New results on approximats solutions {n two leve) optimization”,
Cptimization, 20,1989, 819-836.

[L2-MC2) P lortaan, J.Morgan, = g-reguliarized two-leve! oplimization problems”, Lecture Notes 1n
Mathematics 1405, Springer Verlag, 1989, 99-113,

[LC-™C.3) P Loridan, J Morgan, “Quast convex lowsr lgvel problem and zpplications in two-leve:

optimization =, Lecture Notes in Economic and Mathematical Systems, Springer-veriz3,
n9345,1990, 325-341.

1LC -MC 4) P Loricen, J.Morgen, “On strict e-solution for 8 two level optimization problem™, Cperetion
Research Proceedings of the internstional Conference on Operstion Research 30 in Vienna,

G.Feichtingar, W.Buhler, F.J.Redermecher and P.Stehly eds., Springer Yerleg,1992. 165-""¢
"i-MC}  M.B.Lignole and J.Morgan, "Topologicel existence and stability for Stackelberg problems

Preprint n93-1991, Pubblicazions dell’ istitulo di Matematica dell’ Untversite’ a1 Selernc
[Ma~MO§  L.Mallozzi, J.Morgan, “e-mixed strategies for static continuous Steckelberg problem™.

to appesr on J.O.T A

C! J Morgan, “Constrained well-posed two-1evel optimization problems”, Nonsmooth Cptimization
and related topics, Ettore Majorane Internationsl Sciences Sertes, Edited by F.Clarke.
v.Demisnov and F.B1anness!, Plsnum Press, New-York, 1989, 307-326.
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Hypertopologies: old and new approaches

R.Lucchetti
Department of Mathematics
University of Milano
Via Saldini 50, 20133 Milano, Italy

Abstract

Two recent papers [BL1.SZ] deal with the description of the topologies on the
subspace CL(X] of the closed sets of a metrizable space X. They are presented as the
weakest topologies making continuous certain families of geometric functionals
defined on CL{X). Not only this allows to unify the subject, but it also suggests the
applications of general methods to get results in optimization, in presence of
perturbations described by means of moving sets, as epigraphs. constrained sets
etc. (BL2.LSS]. A new way of describing hypertopologies also outside the metric case
is investigated in [LP).
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Bifurcation for variational inequalities

with constraints on the derivatives

Antonio Marino
Dipartimento di Matematica, Universita di Pisa,

Via Buonarroti 2, 56127 Pisa, Iraly

Abstract

There are several problems which can be framed in the following abstract scheme : 1o

<ty for a given real smeoth function f on a manifold V', the equations

grad, flu) =0 ue 1 o
U = —grad, f(U) I — V (I1sanintervalj, el
bor the nonsimooth rase. several important theories have been developed with vanous
airi- by Bréais, Clarke, Rockafellar. Temmam. among others.

The theory of subdifferential and evolution equations for convex functions (and suitable
perturbations of theirsi. Vo being a convex set. provides a classical extension of (11 and
22owhich allows to study problems of ditferential equations and inequalities of elliptic
antt parabolic tvpe.

Nevertheless. several problems related to the above mentioned ones lead to consider
sorne asses of nonconvex constramnts 1

A svpieal example is provided by the study of Van Karman's Inequalities, which are
tetated to the problem of the well-damped plate. in presence of unilateral constraints on

‘e displacement or on the curvature. To he more precise, given a bounded open subset
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0 of R% a C? function F, : @ — R and two functions (the obstacles} 57,2 : 0 — R

with o; €0 < ;. one considers the problem
A%k 4+ [uau] = 0
AN N O fo(AulA(v —u} ~ AF, 4+ houf(v —u)) dzdy 20 v € Kt

NERAEWHHO) e K. u#0

iu represents the displacement of the plate and h the Airy stress function). having defined

LT = Upplyy — 2Uzylpy + Uy Ve and

K=K, ={ueW20) | s <u<p}

or

K:KQI{U

W22 | ¢y < eigenvalues of H, < 20}

M

. H. 1s the Hessian matrix of u).

To study the previous problem. we may introduce suitable definitions of “subdifferen-
tad” and “lower critical point” {extending the meaning of equation (1) ). Now.introducing
the functional f 2 W29 Q1 — R defined by

F1 PR i )
fiuj = Sx;_\u,! +.—LL\ [u.u,‘.u]u drdy
a\2 4t
and NI defined by
M, = {ue Wi /[Fo,u}udrdy =)
- 0

i

the problem (VUK 11 s reduced to finding the lower critical points of f on the constraint

U = K 7 M, as the parameter p varies.
The problem with assigned p has been studied for K = K. and some results are

1 y A
exnosedon 2

We wish to consider here the bifurcation problem for (V.K.1). namely the relation-
<t between “hranches of solutions™ (A L w) of (V.R.L), with p ciose to zero, and the

Leons i sointions of the corresponding “0-asvmptotic™ problem :

AN

J fotdude —ur - “;/\Fl,.u](f' -ul) drdy 20 we £ K

CeRuese K ouz0

- v

e K= DR
Notice that this problem s twofold:
Lo I ug solves IV

~obitions of (N K.D) tand vierversay?

»f

does the “eigenvalue™ A give rise to bifurcating branches

—-

ws




11t Do eigenvalues of (V.K.1.)_ exist?
[t is worth noticing that for the study of (V.K.1.). in the case of assigned p and in the
bifurcation case as well, the “curves of steepest descent” for f on KM, (which extend

the meaning of equation (2) ) are used.
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DUAL REPRESENTATION OF COOPERATIVE GAMES

J.-E. Martinez-Legaz
Departament d'Economia i d'Histdria Econdmica
Universitat Autdnoma de Barcelona

Abstract.
One can associate to a cooperative game, defined by a set of players
N = {1,2,...n} and the characteristic function v : NS5 R (assumed to be non

decreasing with respect to inclusion and to satisiy b(@) = 0). the function n: Ri - R

given by m(w) = max {v(S) - > wl} forall w= (w,..w)e€ IRZ. Inierpreting the
S ie §

components of w as wages for the players, ® associates to each possible set of wages
the net profit .n employer can get hiring some set of players according to these wages and
then obtaining the value they generate by acting as a coalition. Clearly. © isa

nonincreasing polyhedral convex function such that inf n(w) = 0 and, at any w e Rz,
w

the subdifferential dm(w) intersects the set {0,-1}". The function n provides exactly

the same information as the characteristic function v, since one has v(S) = inf {r(w)
o

) w, } ¢ itis worth noticing that, for this equality to hold. no assumption on v is
1€ S

needed. The interpretation of this expression is the following : the value of a coalition is
the total amount of agents (i.e., the players and the employer) are sure to obtain whatever
the wages may be. It v s superadditive, the function = satisfies,the condition
- oy n v
. > (. ] e -~ . v H 12
miwlZnl RiwgWag) + N T W Wgg) forall we R and SC N, and
HNLS *s
- . . . . . n
conversely. For arbitrary games,  the core coincides with the set of vectors x € R

such that mixi = G and (-1....-1) € dn(x).
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ERGODIC THEORY AND THE CALCULUS OF VARIATION

E. CHABI
Faculté des Sciences

Université MY Ismail
Mekneés (Maroc)

G. MICHAILLE
Laboratoire d'Analyse Convexe
Département des Sciences Mathématiques
Université Montpellier I

Let (Z,%,P) be a probability space, Q a bounded regular open set in RY,
M(RY) the set of non negative regular Borel measure on R4 equipped with its Borel
field B(RY). M(Q) is the set of non negative bounded regular Borel measure on Q.

A Random Borel measure is any map from I into M(RY) whichis (T, M)
measurable, M- denoting the trace of the product tribe of R U {4} BRY

Given (T,),cs a group of P-preserving transformation on I where S is any
subgroup k29 of (29,+), and K a Random Borel measure satisfying, for every
bounded set A in B(RY), the two following properties

H(w)(A+2) = W(T_w)(A)
w— H(w)(A) belongsto LI(Z,T.P),

we define the sequence W, from Z into M(Q) by

I (@)(A) = € (@) (Eln- A)

where €, tends to 07.
Using Ergodic Theory and more precisely, an additive ergodic theorem due to
Nguyen Xuan Xanh and H. Zessin , we prove the following result

THEOREM 1.
(1) K as., { u(w); neN ) is tight then a.s., U, (w) converges for the narrov:

topology towards 6(w) dx where
0(w) :=é E¥ p()(qox(),

EY denoting the conditional expectation operator with respect to the tribe
¥:={Ee T, T,E=E Vze §};
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(i) if (T,),cg is Ergodic, that is to say if ¥ contains only sets of T with
probability 0 or 1 then a.s., i (w) converges for the narrow topology towards 6 dx

where

=1 d
9: v E p()([0.K[™) .

In the case where () = f(@,.) dx , f(®,) belonging to LY (RY), 1<p<ien,
we get under suitable measurability hypothesis, the following stronger resuit.

THEOREM 2. Setting f,(,x) := f(,”-), we have
€n

(i) in the case 1 <p S +eo, as. f (w,) converges towards ElaEs f(.,x)dx

J}Okl"
in LP(Q) weak (* weak if p= +oo);

(ii) in the case p =1, when (T,), ¢ is Ergodic, a.s. f (w,.) converges towards
1

~E f(.x)dx in LY(Q) weak .
k" Joxd

These two results have been used to solve stochastic homogenization problems, in
particular to construct suitable random test functions and random Radon measure in
nonconvex stochastic homogenization and in a stochastic version of Darcy's Law .
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VARIATIONAL TOPOLOGICAL PROPERTIES OF
THE SPACE OF DIRICHLET FORMS

Umberto MOSCO

Abstract.
We study compactness and closure properties of families of iocal and nonlocal
Dirichlet forms with respect to suitable vanational topologies.
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Generalized second-order derivatives of
convex functions in locally convex

topological vector spaces

James Louis Ndoutoume *

Institut Africain d’Informatique B. P. 2263, Libreville, Gabon
and

Michel Théra

Université de Limoges, 87060 Limoges Cedéx, France

Abstract

Generalized second-order derivatives introduced by T. Rockafellar in the finite dimensional
setting are extended to convex functions defined on locally convex topological spaces. The
main result which is obtained is the exhibition of a particular generalized Hessian when

the function admits a generalized second derivative
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Graphical convergence and generalized

second derivatives for nonsmooth functions

Dominikus Noll

Universitat Stuttgart, 7000 Stuttgart, F. R. G

Abstract

Second order epi derivatives for convex and nonsmooth functions, as introduced by
R.T. Rockafellar around 1987, have emerged in an important role in nonsmooth analysis
and optimization. Here we present some results obtained recently by D. Noll {3}, [4]. and
J. Borwein and D. Noll [1]. In particular, we address the following questions:

o Give a refined analysis of the interrelation between second epi derivatives and the

usual pointwise second derivatives.

e Give a geometric characterization of second order epi differentiability. A nonsmooth

version of the Theorem of Meusnier.

¢ In the convex case, give a link between second epi derivatives and approximate
second derivatives in the sense of J.B. Hiriart-Urruty. How to define the Dupin
indicatrix using second epi derivatives?

¢ The infinite dimensional dilemma! What is the right notion of convergence for the
second order difference quotients of non-convex functions in Hilbert space?

References

(1] J.M. Borwein, D. Noll, 'Second order differentiability of convex functions in Banach
spaces’, Trans. Amer. Math. Soc., under press.

[2] J.B. Hiriart-Urruty, A. Seeger, 'The second-order subdifferential and the Dupin
indicatrices of a nondifferentiable convex function’, Proc. London Math. Soc. 58 (1989).
351 - 365.




64

(3] D. Noll, 'Generalized second fundamental form for Lipschitzian hypersurfaces by
way of second epi derivatives’, Bull. Can. Math. under press.
[4] D. Noll, 'Second order differentiability of integral functionals on Sobolev spaces

and L®-spaces’. to appear.




65

Approximation by convex functions

Pier Luigit Papini

Dipartimento di Matematica, Piazza Porta S. Donato 5, 40127 Bologna, Italie

Abstract

Consider the following problem: let X be a space of real functions, endowed with a norm;
for feX, consider the function(s) which best approximate f from the class of convex
functions. Also, if C denotes the subset of X containing all continuous functions, let us
consider the same problem by using as approximants the elements of the set ANC. The sets
A and ANC are cones; in case the norm if X is "good" and A (or ANC) is closed, then
some obvious results spring from the general theory of approximation, while simple
characterizativons of best approximations are possible. But in different situations, some
problems can arise, for example concerning convergence of sequences which best
approximate f with approximating norms; in this context, many papers appeared recently.
Here we try to survey some results of this type. '
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Convergent and divergent concepts from
convergence theory and their uses in

optimization theory

Jean-Paul Penot

Faculté des Sciences, Av. de 1'Université 64000 Pau, France

Abstract

We endeavour to give a general account of the impact of convergence notions for opti-
mization theory. Whether these tools can be considered as a convergent array of concepts
or as a divergent and diverse bundle of tools is still a matter of taste or opinion. At least
it cannot be denied that the number of topics in optimization theory for which notions
of convergence become instrumental is increasing and covers a large extend of subjects:
approximation of functions and of sets. optimality conditions, sensitivity analysis. well-
posedness. .. A number of recent or less recent contributions of the author to this stream
are reviewed. The appearance of “alien terms” in optimality conditions is pointed out as

1t corresponds to a well known phenomenon in homogenization theory.
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Calculus of epi-derivatives and

proto-derivatives

René Poliquia *

University of Alberta, Math.Dept., Edmonton Canada, T6G 2G1

Abstract

A calculus of first- and second-order epi-derivatives is presented for amenable and fully
amenable functions (all functions are considered on a finite dimensional space). An
amenable function is the composition of a lower semicontinuous proper convex function
with a smooth mapping and a natural constraint qualification. A fully ainenable function
is an amenable function where the convex function is piecewise linear-quadratic and the
smooth function is of class C2. The calculus rules have direct applications in optimization
hecause most problems encountered in practice can be reformulated using fully amenable
functions; in addition, first- and second-order optimality conditions can be derived using
epi-derivatives. Finally, calculus rules for the proto-derivatives of subgradient mappings
of fullv amenable functions are presented. These calculus rules for proto-derivatives have
applications in the sensitivity analysis of optimal solution mappings in parametric opti-

mization.
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Solving Nonsmooth equations via
Generalized Jacobians and Iteration

Functions

Liqun Qi *
School of Mathematics, University of New South Wales

Kensington, NSW 2032, Australia

Abstract

Svstems of nonlinear equations defined by nondifferentiable, locally Lipschitzian func-
tions arise from many different areas including partial differential equations. nonlinear
complementarity, variational inequality, nonlinear programming and maximal monotone
operator problems [2]. The generalized Jacobians of the functions defining these nons-
mooth equations are set-valued. Superlinearly convergent Newton’s methods for solving
nonsmooth equations are constructed via generalized Jacobians (3] {4]. A characterization
of superlinear convergence under the condition of semismoothness extends the classic re-
<ults Dennis- Moré for smooth equations [2]. Broyden-type methods are also developed for
<olving nonsmooth equations [1]. Global convergent methods are established via iteration

functions.
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Necessary and Sufficient Conditions for the
Existence of Densely Defined Selections of
Multivalued Mappings

Julian P. Revalski

Institute of Mathematics, Bulgarian Academy of Sciences,
Acad. G. Bonchev Street, Block 8, 1113 Sofia, Bulgaria

Abstract

Let F: X — Y be a multivalued mapping with non-empty images acting from the topo-
logical space X into the topological space Y (i.e. for each z € X the value F(z) is a non-
empty subset of ¥'). We give here sufficient (and necessary) conditions for the existence
of an upper semicontinuous and non-empty-compact-valued (usco) mapping G: X; — Y.
where X; is a dense Gs-subset of X and G is a selection of F. In contrast to what is
widely accepted under " a selection of F on X;” we understand here a set-valued mapping
G Xy — Y such that § # G(z) C F(z) for every z € X,. In some particular cases the
selection G coincides with the restriction of F on X,. If the range space Y is completely
metrizable, then G can be considered to be single-valued.

More precisely. we call F lower demicontinuous (Idc) in X if for every open 1" in Y.
the interior of the closure of the set F7Y(V):= {z € X:F(z)NV # 0} is dense in the
closure of F7Y(17), i.e. IntCI(F~Y(V)) 1s dense in CI(F~'(V")). The class of Idc mappings
contains for example all lower semicontinuous mappings and all minimal usco mappings.
Several results are proved asserting that a given ldc mapping F admits an usco selection
defined on a dense subset of X. A typical theorem reads as follows:

Let F: X — Y be an open ldc mapping with closed graph, where X is a Baire space
and ¥ contains a dense Cech complete subspace ¥;. Then there exist a dense Gg-subset
X, of X and an usco mapping G: X; — Y] which is a selection of F. If, in addition. Y] is
completely metrizable, then G can be considered to be single-valued.

In fact. the existence of such kind of selections for every mapping from the above class
is a characterization of the fact that the space ¥ contains a dense Cech complete subspace
or a dense completely metrizable subspace.

The above result generalizes some of the results in the recent paper of E.Michael [M].

We describe also situations in which the mapping F itself (not merely a selection of
ity 1s usco at the points of a dense Gg-subset of X. Here a typical result says that, if
F:X — Y has a closed graph, X is a Baire space, ¥ is Cech complete and for every
open V' C Y the interior of the set {z € XalonF(z) C V'} is dense in F~!(V'), then there
exists a dense (Fe-subset X of X at the points of which F is usco. I, in additicn. ¥ is
completely metrizable then F is single-valued at the points of X},
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These results are used to obtain some new as well as known results like:
-to get a new version of the classical Lavrentiefl theorem concerning the extension of a
densely defined homeomorphism to a subset containing a dense Gs-subset of the domain

space;

-to prove that a given convex and continuous function is differentiable at the points
of some dense G,-subset of its domain ([Ph]):
-to obtain generic results about well-posed optimization problems ([LP]. [CK1]. [CK2].

[CKR]):

-to derive results about generic non-multivaluedness of metric projections and antipro-
jections ({Zh]):

QN

[CK2]

[CKR]

. ‘

Ph!

{Zh]
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TOPOLOGICAL DEGREE FOR MAXIMAL MONOTONE
OPERATORS

Hassan RIAHI
Université CADI AYYAD, Faculté des Sciences I, B.P. S. 15, Marrakech, MAROC

Abstract

The generalized degree theory is a replacement for the Brouwer and Leray-Schauder degrees.
The purpose of this work is two-fold. One goal is to show how Browder's degree, given for

operators of class (S+), see {4], can be extended to the case of maximal mo..otone operators

by relying on generalized Yosida approximations. Particular attention is ~2id to the
normalization and invariance under homotopies for the topological degree we define. This
allows us to extend some recent results of Attouch, Penot and Riahi [2] about the continuation
method for solutions of parametrized monotone nonlinear equations by withdrawing the
compactness assumptions. It is also possible that our definition, by relying on
subdifferentials, could be used to establish definitions of topological degree for real convex
functions and convex-concave saddle bifunctions.

1- Let be given a real reflexive Banach space X with the topological dual space X *,

such that X and X * are locally uniformly convex. This implies that the duality mapping J

of X is a homeomorphism between X and X *.

In the sequel we will identify an operator A : X =3 X * with its graph in XxX*. An operator

A 1s said to be monotone if for any (x; .,y ;)€ A, one has Y Yq XX 20. Ats maximal

monotone if it is maximal in the family of monotone operators in XxX*, ordered by inclusion.

- -l
The Yosida approximation is given by Ayx = (A N ) ! An extension, called

.we'lluse is given by Ab= A, +AJ. AN is of class (S,).

Theorem 1, If a family of maximal monotone operators {Alc XxX*),teT} is graph-

continuous  (given t; — tin T one has Limsup , A1 cAc leinfieIA‘. ) then for any
i i

open bounded subset Q < X, the family {(At)}‘ : QX *;teT, A>0) is of class (8,)
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2- Now, we are in a position to define the topological degree for a maximal monotone

operator A over 2 at zero by the formula :

deg(A.Q.0) =lim 3 1y d (A*Q,0). (1)
where d denotes the Browder’s degree for operators of class (S.,), we refer to [4] for more
details. We verify that in the definition above, the degree function deg is independent of

A>0 for A sufficiently small. The foliowing Theorem summarizes familiar properties of
degree theory for maximal monotone mappings.

Theorem 2. Let Q be an open bounded subset , A < XxX* be maximal monotone. Then we
have : (i) degJ.Q,0) =1, provided 0eQ;

(i) deg(A.Q0)=0 whenever 0gA(Q);

(iii)  if the homotopy of maximal monotone operators {A, < XxX*)): 1€ T} is graph

continuous and satisfies O¢ u{A[(EQ) ;te T }, then deg(At £2.0) is independentof tin T ;
(iv) if Ql and 92 are two disjoint subsets of Q such that Oe A(Q\QIUQZ), then

deg(A ,Q ,0) = deg(A ,Ql.O) +deg(A .Q,.0).

(v) On the family of maximal monotone operators, there exists one and only one
degree function, with the invariance under graph-continuous homotopies.

As a consequence of this theorem we shall sharpen and extend [2] results for Hilbert
to reflexive spaces, as well as ruling out the compactness conditions.

Corollary 3, Suppose that assumptions of the preceding theorem (iii) hold and the following
condition is satisfied : for some tge T one has deg(Alo. Q.0)#0.

Then for each tin T one has Ail(O) is nonempty and contained in Q.

3- In this brief section we apply the results of section 2 to convex functions and
convex- concave saddle bifunctions.

A- Since the subdifferential d¢ of a proper Isc function ¢ is a maximal monotone
operator, see {1, 5] one can define the degree at 0 relatively to an open bounded subset of X
by :

deg( ¢, Q.0)= deg(d,Q.,0). Q)

Proposition 4, a) For a proper convex Isc function ¢, deg( ¢, Q. 0) # 0 and M(¢)noQ2 = O
implies that @ = M(¢) < Q, where M(¢) denotes the minimum set of the function ¢.
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b) Let {¢;:te€T} be a Mosco-epicontinuous family of proper convex Isc functions
such that M(0pdQ =@ VteT and deg(dy,.Q,0)#0 forsome toeT.

Then foreachtin Tone has @ #M (o) c Q .

B- For a closed convex-concave saddle bifunction F:XxY — R which is convex
Isc (resp. concave usc) with respect to the variable x in X (resp. y in Y), the operator A =
01Fx(—07F), where d1F and 07F denote the partial subdifferentials of the convex functions
F(.,y) and -F(x,.), see [6], is maximal monotone .

The degree of F at (x,y) is defined as follows  deg(F .Q2, (x,y)) =deg (A .Q2, (x,y)).
With the above definition one can state the analogue of Proposition 4 for bifunctions :

Proposition 5. a) deg(F,Q .0) #0 implies that S(F)={saddle points of F in XxY} NQ 0.
b) Let {Ft : te T} be a Mosco-epi/hypocontinuous homotopy such that deg(F l0,(2 , )20 for

some tge T and S(Fl)r\aﬂ =@ foreach tin T. Then forevery te T one has O # S(Ft) cQ.
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Some Topological Min-Max Theorems
via an Alternative Principle for

Multifunctions

Biago Ricceri

Universita di Catania, Italy

Abstract

Let X Y be two non-empty sets and let f be a real function defined on X x Y. We are

interested in the classical problem of finding suitable conditions under which the equality

i1 sup inf f(z,y) = in{ sup f(z,
yESIE.\' f( ) IEXVEIY) ( y)

does hold.

In this talk we intend to discuss some of our recent results on this subject. Here is a
sample:

THEOREM - Let X.Y be topological spaces. with Y connected and admitting a con-

tinuous bijection onto [0.1]. Assume that, for each X > sup ey infrex f(z.y), 70 € X
yo €Y, the sets

{z € X : f(z.y0) € A}
and

{y €Y : fzo.y) > A}
are connected. In addition, assume that at least one of the following three sets of conditions
s ~atisfied:

thy) f(z,-}) s upper semicontinuous in Y for each z € X . and f{-,y) is lower semicon-

finuous in X for cachy € Y
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{h2) Y is compact, and f is upper semicontinuous in X x Y;
{h3) X ts compact, and f is lower semicontinuous in X x Y.
['nder such hypotheses, equality (1) does hold.

Just one remark. Namely, the condition that Y must admit some continuous bijection
onto [0.1] is, of course, very restrictive. This is, in practice, the necessary price one has to
pay for the generality of the other assumptions. In this connection, consider that, almost
every known topological mini-max theorem, ensuring the validity of (1), contains at least
the following assumptions: the space X is compact and, for each A > sup .y infzex f(z.y)
and each non-empty finite set A C Y, the set

ﬂ {r e X:f(z,y) <A}
yEA
1s connected (see [1]-[8]).
The fact that the above theorem can badly fail even when Y is only a "little” out of

the considered class. is clearly shown by the following

EXAMPLE - Take:

and. for each (t.u).(v.2) € X,

In this case. of course. we have

—1 =supinf f(z.y) < inf su z.y)=1
yegrexﬂ y) rexye{?f( y)

while. except that on Y. each other assumption of the theorem is satisfied.
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Graph Convergence in Mathematical

Programming

Stephen M. Robinson

University of Wisconsin-Madison, Madison, WI 53706, USA

Abstract

Methods using graph convergence, particularly the proto-derivatives introduced by
R.T. Rockafellar [3], seem to be the most natural tools available for obtaining certain
optimality conditions in mathematical programming (see, e.g., (4]). On the other hand,
once the optimality conditions are written, the analysis of solutions to those conditions
generally proceeds using very different tools, often some variety of implicit-function the-
orem.

For such analysis the formalism of normal maps [2] leads to equations involving single-
valued, though generally nonsmooth, functions. For example, the theorem of {2] together
with the functional form first introduced by Kojima [1] permits one to conduct a complete
local analysis in very much the same way as one would do for a system of nonlinear
equations. Noteworthy in this analysis is the complete absence of any graph convergence
methodology.

In this lecture we will investigate connections between the graph convergence method-
ology for obtaining optimality conditions and the analytical methods for exploiting the
mathematical structure of those solutions once they are obtained. We will describe the
normal-map approach and ask whether any natural relationships exist between the nor-
mal map derived from the optimality conditions and the graph-convergence techniques
that lead to those conditions.
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Proto-differentiability of solution mappings

in optimization

Terry Rockafellar

University of Washington, Seattle, WA 98195, U.S.A.

Abstract

The most commonly used model for sensitivity analysis of solution mappings in param-
eterized problems of optimization is the generalized equation model of Robinson, which
corresponds closely to optimality conditions in the sense of variational inequalities. Much
»{ the work on generalized equations has centered on obtaining conditions under which
the solution is unique and depends Lipschitz continuously on the parameters, but one-
sided differentiability of the single-valued mapping obtained under such circumstances
lias been studied as well. In contrast, proto-differentiability properties can be developed
even when the solution mapping is multi-valued. One-sided differentiability is then sim-
ply the case where the mapping does happen to be single-valued and locally Lipschitz,
which in finite-dimensional spaces can be characterized through Mordukhovich's criterion
on coderivatives. Furthermore, proto-differentiability also is an effective tool in broader
models in sensitivity analysis formulated in terms of subgradient mappings instead of gen-
eralized equations. In that setting it relates to the calculation of perturbations through
the solution of auxiliary problems of optimization involving second-order epi-derivatives

of functions in the original problem.




APPROXIMATE EULER-LAGRANGE INCLUSION, APPROXIMATE TRANSVERSALITY
CONDITION, AND SENSITIVITY ANALYSIS OF CONVEX PARAMETRIC PROBLEMS
OF CALCULUS OF VARIATIONS.

Alberto SEEGER
University of Avignon
Dcpartment of Mathematics
33, rue Louis Pasteur
84000 Avignon, France

ABSTRACT. We study the first-order behaviour of the optimal value function associated 1o a convex parametric
problem of calculus of vanations. An important feature of this paper is that we do not assume the existence
of optimal trajectories for the unperturbed problem. The concepts of approximate Euler-Lagrange inclusion and
approximate transversahity condition are key ingredients in the writing of our sensitivity resulis.

1991 Mathematics Subject Classification : 49 N 99, 90 C 31

Key words : Euler-Lagrange inclusion, transversality condition, approximate subdifferential, sensitivity analysis.
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Swimming below icebergs, and the

maximal monotonicity of subdifferentials

Stephen Simons

University of California Santa Barbara, CA, USA

Abstract

Let £ be a Banach space. o : £ — R U {00} be proper, convex and lower semicon-
tinuous and Pr; be the projection map from E x R to R. If B is a nonempty subset of
E =~ IR such that (z,A) € B = A < ¢(z) and supPry(B) > ¢(E) then we write

A—-o
(B lo] = sup 2ol
(zeBowi<h T — yll

If # is a rock and o is the bottom of an iceberg, [B | ¢] tells you at what slope you have
to swim down starting from an arbitrary point on the rock and still be sure that you will
not hist the iceberg. There are significant situations in which 0 < [B | ¢] < oc. We
can deduce from this a number of results on the existence of subtangents to ¢ satisfving
various conditions, with sharp lower bounds on the slopes of the subtangents. One of
them improbes a recent result of Beer on separating subtangents. and another improves a
recent resuft of Beer on separating subtangents. and another improves a recent result of
Attouch and Beer on the approximation of conjugate functions. Our results also lead to
generahizations of Rockafellar's fundamental result that d¢ is mazimal monotone . that

15 10O say.
ifiqg & E,.a € E'andV(z,b) € do. < g~z.a—b> 2> 0then (¢g.a) € do.

For instance, we can prove that : if Q is a nonempty weakly compact convex subset of
E.a € E’ and,

Y(z.b) € 0¢. 3¢ € Qsuch that < g—z.a=b>> 0




&4

then
3¢ € Q@ such that(q,a) € do.
Dually, we can prove that : if 4 is a nonempty weak™ compact convex subset of E‘. ¢ € E
and.
V(z.b) € 80.3q € Qsuchthat < g—z,a—b6>> 0

then
Jda € Qsuch that{q,a) € 9o.

Since some of these result are quite technical, in the talk we will simply show how the

techniques can be used to give a very short proof that g¢ is maximal monotone,
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Set convergences: a survey and a classification

Yves Sonntag

Université de Provence, case X, 13331-Marseille Cedex 3, France
and

Constantin Zalinescu

University of Iasi, Department of Mathematics, 6600-Iasi, Roménia

Abstract

Let (E,d) be a metric space and F be the class of nonempty and closed subsets of E. By a set
convergence we mean a procedure that associates an element A € F to a net (Aj)je] © F. The

number of these convergences continues to increase: there are more than 35 (and, of course, the
same number of epigraphical convergences for nets of functions fj:E — IR and graphical
convergences for nets of operators ®@;:E — E). This proliferation is justified by the theory and
by the applications, but the theory becomes more and more complicated and the perplexity of
the potential user is comprehensible ... The difficulty comes from the disparate aspect of
definitions that does not make easy a global view of convergences: having in mind all the
results concerning the relative fineness between them causes already problems. A solution
consists to modify the original definitions of convergences using only few mathematical notions
that can be easily compared (inequalities, inclusions for example).

We proposed the following method in [SZ]: each convergence corresponds to a semi-metric
space defined by a couple formed by a family % C & (the class of the convergence) and a
function £:F x % - IR or g:E X F — IR (the rype of the convergence). The semi-metric
space is defined by the semi-metrics
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(fX)X e%. where fX(A,B) = If(A,X) - f(B,X)l for A.B € &,
or
(gX)Xe %, where gx(A,B) = supxex/g(x,A) - g(x,B) for A,B e &F.

It is also possible to take several families of such semi-metrics. The natural choices f(A,X) =
d(A,X) (the type p) and g(x,A) = d(x,A) (the type q) give the possibility to redefine the most
part of known convergences. One can use results of G. Beer (for type p), of B. Cornet (for
type q) and of the authors. The convergences can be written simply:

L(H)-lim(A}) = A iff limf(ALX)=f(AX) V X e &,

L(g)-lim(A}) = A iff lim{supyexlg(x,A;)-gx,A)l]=0V X e %.

The classification of convergences becomes now very simple and is based on the inequality
pX <qx and on evident inclusions of classes (compact sets C closed bounded sets € &,
e ...).

Remark that there are many convergences of type p, but very few, till now, of type q:
Hausdorff, Attouch-Wets and Wijsman.

Of course, one can define other types taking for f and g other canonical functions associated to
(E,d): for example the Chebyshev radius, the Hausdorff excess function, etc...

G. Beer and R. Lucchetti developed the study of types corresponding to the Hausdorff excess
function, giving so a good framework for fine and very fine convergences.

The papers of [SZ] and [BL] (and some others), which represent the base for our talk, give a
clear and coherent vision of the majority of set convergences. We hope that this presentation
will facilitate the work of &s-convergences students and the task of users (optimization,
multivalued functions, probability, etc...) in choosing the adequate convergence(s) for their
own study.
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A new Topology for the Solid Sets of a
Topological Space

Anna Torre
Dip. Matematica Universita di Pavia

Pavia [TALIA

Abstract

In the paper [LTWY] a new hypertopology 7, is defined with the aim of identifving classes
of sets where narrow convergence of a sequence of probability measures implies uniform
convergence ( see also [BT, LSW] and [SW] for applications).

The result can be expressed in this way: in any r.-compact class A of sets which is
contained in the family of the continuity sets of a probability P, narrow (i.e. pointwise)
convergence of P" to P implies unifcrm convergence of P™ to P on the class A. Also. it
turns out that the condition of A being a P-continuity set (i.e P(dA) = 0} is necessary as
well as sufficient for the function P : (CL(X).7.) — [0, 1] being continuous at A. The
paper in vestigates the topological properties of r, on the subset of the sets that are the
closure of their interior. In particular, it is shown that the hyperspace is metrizable if and

onlv if the space X' is separable and locally compact.
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Strong convergence implied by weak in L1

Michel Valadier
(in collaboration with Allal Amrani and Charles Castaing)
Université Montpellier II, 34095Montpellier Cedex 5, Franc=

Abstract

The Visintin’s theorem and its extension by E.J. Balder have been extended to infinite
dimensional Banach spaces by several authors. The best conclusion is obtained when
some strong compactness is assumed. But the weak topology is also considered. Some
of the results can be proved without Young measures. Then truncations are essential parts
of proofs and are related to some extensions of the tightness condition.
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Remarks about the Infimum of Hausdorff Metric

Topologies

Paolo Vitolo

Universita’ della Basilicata, 85100, Potenza, Italy

Abstract

We consider a metrisable topological space X and denote by D the set of all compatible
metrics on X. For every d in D, the upper and lower Hausdorff topologies - H(d,+) and
H(d,-), respectively - are defined on the collection C(X) of all closed subsets of X. ( See
(1]). Let P be the infimum of the topologies of the form H(d,+), where d runs over D.
and M the infimum of the topologies of the form H(d,-). We show that M coincides with
the lower Vietoris topology, if and only if X separable (compare with [3], cor. 6). We also
show that ( for locally compact X) P coincides with the co-compact topology (see [2]) if
and only if X is compact.
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THE USE OF MONOTONE NORMS
IN CONVEX ANALYSIS

Michel VOLLE
Université d’Avignon

Abstract. We introduce some new binary operations for convex sets and convex functions. These operations
provide a general framework for dealing with the calculus of epigraphs, polar sets, and Fenchel conjugates.

1991 Mathematics Subject Classification : 90 C 25

Key words : monotone norms, convex duality, epigraphical analysis.
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Convergence of Integral Functionals

Roger J-B Wets *

\Mathematics, University of California, Davis, CA 95616, U.S.A.

Abstract

Let (T.A.u) be a measure space with o-additive, nonnegative measure u, and .X" a Banach
subspace of M(T:IR"). the space of measurable functions from 7 to IR™. One refers to a
bivariate function f : T x X — IR as an integrand if for all z € M(T;R"), the function

t— f(t.z(t)) s A-measurable. We are interested in integral functionals of the type:

F:Ax - R. F(I)::/;f({,r(t))p(dt).

The need for approximation techniques to deal with integral functionals that arise in
the calculus of variations, stochastic optimization and other variational problems (pde).
provided at least initially, the major motivation for the development of tke theory of ep:-
convergence and its extensions (epi/hypo-convergence, I'-convergence, etc.). This lecture
will try to take stock of the progress made during the last decade or so in dealing with
the convergence of integral functionals.

More specifically, let {f* : T x R" — R.v € IN} be a sequence of integrands. {u* :
A — R,.» € IN} a sequence of measures. and F* the associated sequence of integral
finctionals

F"(r):=[rj“(t.r(t))p”(dt)‘ v €N

Assuming that the f“ and u* approximate f and g in some sense. what can be said ahout
the convergence of the integral functionals £ to F? In particular, when can we guarantee

the epi-convergence of the F¥ to F?

*Supported in part by a grant of the National Science Foundation
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ON THE CONVERGENCE OF THE GENERALIZED GRADIENTS

T. 20lezzi.

Dipartimento di Matematica , Universita' di Genova, via L.B.Alberti
4. 16132 Genova (ltaly). e-mail : Zolezzi at IGECUNIV. BITNET.

EXTENDED ABSTRACT for the conference " Convergences en
Analyse Multivoque et Unilatérale “ ; Marseilie-Luminy , June
1992.

We consider a real Banach space €, and sequences of locally
Lipschitz functions

f,fn : E—> (-0,4»),n=1,2,3,....

We address the problem, under which conditions on the
convergence of f, towards f, itis possible to obtain some
form of convergence of the sequence of their Clarke's generalized
gradients

0fn - Of.

As an application ( and a motivation), we mention the stability
of the Clarke multiplier theorem [1], which is connected to the
stability under perturbations of sensitivity estimates for
constrained optimization problems under (in)equality constraints.

If each term fn of the sequence is a proper, convex, lower
semicontinuous function, the problem above has been thoroughly
investigated. Necessary and sufficient conditions, linking epi -
convergence of fy  toward f with the Kuratowski convergence
of the graphs of the generalized gradients are known : see [2],
(3], (4], [5]. The bounded Hausdorff convergence of f, s also
related to the convergence of the subgradients, see [6].
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if E is a finite - dimensional space , sufficient conditions are
known yielding

(1) limsup 0fn (y) ¢ 0f(x), as n—os +eandy - X,

for every x e E, again under epi - convergence of f, to f,
see [7].

If E is a Hilbert space, and each f, is (p,q) -convex, then
results linking epi-convergence of the functions with various
Kuratowski convergences of their lower semigradients are proved
in [8].

If E is infinite - dimensional and fulfills some regularity
conditions, it is possible to extend (1) under epi-convergence of
the sequence fn. NoO convexity is required, and an equi - lower -
semidifferentiability condition is imposed (as in [7]) on the
sequence f, . The proof makes use of convergence results for
lower semigradients of lower semicontinuous functions.

This allows us to pass to the limit in the Clarke's multipliers
rule in the infinite - dimensional setting, when data
perturbations are present. In this way we obtain sufficient
conditions for the stable behavior of the multipliers, under epi -
convergence conditions.

Further applications to the behavior of the generalized
gradients of integral functionals are also possible using the
above result.
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